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ABSTRACT

Thermoelectric (TE) materials have received much attention due to their ability to
harvest waste heat energy. TE materials must exhibit a low thermal conductivity (κ) and a
high power factor (PF) for efficient conversion. Both factors define the figure of merit (ZT)
of the TE material, which can be increased by suppressing κ without degrading the PF.
Recently, binary chalcogenides such as SnSe, GeTe, and PbTe have emerged as attractive
candidates for thermoelectric energy generation at moderately high temperatures. These
materials possess simple crystal structures with low κ in their pristine forms, which can be
further lowered through doping and other approaches. Here, I studied the anharmonicity in
two atom chalcogenides such as SnSe and GeTe, and present the temperature-dependent
behavior of their phonons and their influence on the thermal transport properties. Because
phonon anharmonicity is one of the fundamental contributing factors for comparatively
low thermal conductivity in SnSe, Sb-doped GeTe, and related chalcogenides, I discuss
complementary experimental approaches such as temperature-dependent Raman
spectroscopy, inelastic neutron scattering, and calorimetry to measure anharmonicity and
show how data gathered using multiple techniques helps us better understand and engineer
efficient TE materials.
In addition to the ultralow thermal conductivity owing to its intrinsic strong
anharmonicity, single crystalline SnSe also exhibits a negative thermal expansion (NTE)
behavior. The NTE materials have been in vogue for the past few decades as thermal
expansion compensators in the fields of engineering, photonics, electronics, and medicine.
ii

Numerous crystalline materials exhibit NTE, wherein a combination of positive and
negative linear thermal expansion coefficients ensue from their highly anisotropic
elasticity. SnSe is one such anisotropic uniaxial NTE material. Theoretical studies have
linked its NTE along the c-direction to transverse phonons and positive Grüneisen
parameters along all crystallographic axes. However, a study by Bansal and co-workers
used a combination of partial experimental and computational data showed that the
Grüneisen parameter is negative along the c-direction, which contradicted all theoretical
calculations, including their own DFT calculation. Here, my analysis of the data, viz., nine
independent elastic constants (𝐶𝐶11 , 𝐶𝐶22 , 𝐶𝐶33 , 𝐶𝐶44 , 𝐶𝐶55 , 𝐶𝐶66 , 𝐶𝐶12 , 𝐶𝐶13 , 𝐶𝐶23 ) measured by
using the temperature-dependent resonant ultrasound spectroscopy (between 293 – 773 K)

on single-crystalline SnSe provided by our experimental collaborator at the University of
Mississippi confirmed the positive Grüneisen parameters along all the crystallographic
axes.

My analysis further revealed that SnSe behaves like a semi-compressible

parallelepiped with elastically coupled a and b axes, with the NTE being driven by the
displacement of Sn-atoms in the c-direction.
Finally, as a future outlook, I will discuss the rise of machine learning-aided efforts
to discover, design, and synthesize TE materials of the future.
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PREFACE
In the initial stages of my Ph.D., I focused the density functional theory (DFT)
calculations for several projects, including aluminum ion battery (AIB), non-linear optics
(NLO), and biosensors for cancer projects. In the AIB project, I calculated the amount of
charge transferred (i.e., 0.8e per intercalant ion) from the graphene sheets to the chlorine
atoms of the AlCl4− molecule. I found that the charge is uniformly depleted from carbon
atoms present within the geometrical shadow of AlCl4− ion. I also noted that the tetrahedral
structure of AlCl4− is slightly deformed upon intercalation. A similar AIB study that used a
nitrogen-doped graphene cathode showed no change in the amount of charge transferred

from the graphene sheets to intercalant ion. However, my binding energy calculations
showed that the graphitic type of nitrogen dopants exhibited the greatest binding energy
with the intercalant, thus hindering diffusion through the electrode. These two results were
published in the Nano Energy [1] and Chemical Physics Letters [2] journals.
I also undertook a similar charge transfer DFT calculation for CdSe-Graphene
system, which showed a small charge transfer from the graphene sheet to CdSe quantum
dots. This charge transfer was deemed responsible for the quenching of the fluorescence of
CdSe quantum dots, and the study was published in the Biointerfaces [3] journal.
I performed another study involving DFT calculations for the electronic band
structure and density of state calculations for boron nitride nano particle (BNNP) to explain
its switching behavior from a five phonon absorption (5PA) to two phonon absorption
(2PA) process. The density of states for the carbon-doped hexagonal BN showed the
presence of new mid-gap states, which are responsible for the change in the non-linear
xiv

optical properties from 5PA to 2PA. This study was published in the Optical Materials [4]
journal.
Working in an experimental team at the Clemson Nanomaterials Institute, I was
also involved in several experimental projects such as battery fabrication, Raman
spectroscopy, Z-scan non-linear spectroscopy, chemical vapor deposition, plasma etching,
vacuum deposition, and triboelectric nanogenerators (TENGs). Notably, I demonstrated
that the output performance of a TENG can be enhanced by coating its triboelectric material
surface with an important class of carbons, viz., zero-dimensional C60 fullerene, which is
known for its high electron affinity. This study was published in the Advanced Materials
Technologies [5] journal. A 2.8-fold enhancement in the maximum peak power and a
sevenfold increase in average output power was achieved in C60 coated TENG (F-TENG)
compared to normal TENG, thus paving the way for practical applications of TENGs.
Finally, by constructing modified F-TENGs with several triboelectric materials, my work
established the rank of C60 for the first time in the triboelectric series to lie between that of
Kapton and PVC. Lastly, I quantified the triboelectric surface charge of C60-coated
PET/ITO by correlating our values with those previously reported for Kapton, PVC, and
Teflon.
Keeping in mind my expertise in DFT and modeling, I contributed to a review
article on BN nanosheets and nanocomposites, which was published in the
ChemPhysChem [6] journal. I was mostly responsible for writing the review’s theoretical,
modeling, and computational sections.
Finally, I was able to work with great teams of collaborators from the Institute of

xv

Physics at Academia Sinica, the Department of Physics and Astronomy at the University
of Mississippi, and the Air Force Research Laboratory (AFRL). These collaborations were
crucial in getting access to high-quality single-crystalline samples (Academia Sinica) and
their characterizations of temperature-dependent Raman and Resonant Ultrasound
spectroscopy at AFRL and University of Mississippi, respectively. I was primarily
involved in these projects in theoretical modeling of the thermal properties of the TE
materials. This collaborative work was very effective such that in a short period of time,
we were able to publish one Advanced Science manuscript [7], two Physical Review B
manuscripts [8,9], one ACS Applied Energy Materials [10], and one ongoing review paper.
Some of the above-cited journal editors invited us to submit cover images for
articles related to my projects. I was able to work with my team and have two cover images
selected, viz., by the Advanced Science and ChemPhysChem journals.
Although I am fortunate to receive such broad training throughout my Ph.D., my
work related to TE materials offers a complete story on anharmonicity in two model
chalcogenide material systems. For this reason, I dedicate the following chapters in my
dissertation to detail my studies on TE materials.

xvi

CHAPTER ONE
INTRODUCTION TO THERMOELECTRIC MATERIALS
1.1 Thermoelectric materials and strategies to enhance their efficiency
With increasing global energy demand, thermoelectric generators (TEGs) offer an
environmentally friendly solution for the direct conversion of “waste” heat to electrical
energy [11]. Based on the Seebeck and Peltier effects, a TEG module (consisting of p-type
and n-type semiconductors) provides opportunities for both power generation and
refrigeration applications, respectively [12,13]. For example, i) NASA’s multi-mission
radioisotope thermoelectric generators (MMRTGs) utilized lead telluride (PbTe) and
silicon-germanium (SiGe)-based alloys for the deep space missions of Voyager I and II
that continue to provide scientific data from interstellar space [14,15]; ii) prototype models
for automotive TEGs have been developed by Gentherm Inc. (formerly called Amerigon),
BMW and Ford to recover waste heat from car exhaust to generate electricity and reduce
fuel consumption [16,17]; iii) biothermal batteries for powering implanted electronic
medical devices such as pacemakers by harvesting energy from body heat, which are
deemed to be longer-lasting compared to existing pacemakers powered by Li-ion
batteries [18]. However, despite these recent advances in TE materials research,
applications of TEGs have remained limited due to comparatively low energy conversion
efficiencies [19].
For TE applications, the thermal-to-electrical energy conversion efficiency of a
material is determined by the dimensionless figure-of-merit, 𝑍𝑍𝑍𝑍 = 𝛼𝛼 2 𝜎𝜎𝜎𝜎/𝜅𝜅, where an
1

inherent coupling between (i) the Seebeck coefficient (𝛼𝛼 ∝ 𝑛𝑛

−2�
3,

𝑛𝑛 is the carrier

concentration) [20] and the electrical conductivity (𝜎𝜎 = 𝑛𝑛𝑛𝑛𝑛𝑛, 𝑒𝑒 and 𝜇𝜇 are the carrier charge

and mobility), (ii) and between 𝜎𝜎 and the thermal conductivity (𝜅𝜅) makes it challenging to
achieve higher energy conversion efficiencies in TEGs [21]. For a TE couple, the

maximum thermoelectric efficiency η (power generation mode) or the coefficient of
performance φ (refrigeration mode) is a product of the Carnot efficiency and a term
containing ZT [22].
State-of-the-art commercial TE materials such as bismuth telluride (Bi2Te3) and
PbTe have long exhibited a 𝑍𝑍𝑍𝑍 ~1 in the low to medium temperature range [23,24].

Recently, 𝑍𝑍𝑍𝑍 > 2 has been realized, but a 𝑍𝑍𝑍𝑍 > 3 is required to make a substantial
contribution towards sustainable energy conversion [19,25]. In the figure-of-merit, the

thermal conductivity 𝜅𝜅 (= 𝜅𝜅𝐸𝐸 + 𝜅𝜅𝐿𝐿 ) consists of the electronic (𝜅𝜅𝐸𝐸 ) and lattice

(𝜅𝜅𝐿𝐿 ) contributions, respectively, where a significantly large 𝜅𝜅𝐸𝐸 (= 𝐿𝐿0 𝜎𝜎𝜎𝜎, where 𝐿𝐿0 is the
Lorentz number) is a consequence of a considerably large 𝜎𝜎 in heavily doped
semiconductors (𝑛𝑛 ~ 1019 – 1021 cm-3) [23], while 𝜅𝜅𝐿𝐿 is an independent parameter that can

be directly reduced by increasing phonon scattering in the crystal lattice to enhance 𝑍𝑍𝑍𝑍.

Therefore, it is important to implement phonon scattering strategies to lower 𝜅𝜅𝐿𝐿 without
adversely affecting the power factor 𝑃𝑃𝑃𝑃(= 𝛼𝛼 2 𝜎𝜎𝜎𝜎) [26].

In this regard, Slack’s ‘phonon-glass electron-crystals’ (PGECs) are ideal TE

materials that exhibit low glass-like thermal conductivities despite their crystalline nature
and high carrier mobility leading to high PF [27,28]. The filled skutterudites [28,29] and
clathrates [30] represent PGECs that exhibit considerably low 𝜅𝜅 (~2-3 times the minimum
2

𝜅𝜅, or 𝜅𝜅𝑚𝑚𝑚𝑚𝑚𝑚 ) [31,32], due to the presence of damped localized oscillators (or rattlers) in

complex cage-like structures that give rise to resonant scattering of phonons without
adversely affecting their promising electronic transport [33,34]. In 1993, Hicks and
Dresselhaus reported that nanostructuring could enhance ZT [35] via i) size quantization
effects on electrons that enable band-structure engineering and ii) increased phonon
scattering at the interfaces [36]. Since then, tremendous progress has been made in
developing robust bulk nanostructured TE materials with TE properties superior to
corresponding bulk materials [26,36–38]. Although nanostructuring improves 𝑍𝑍𝑍𝑍,
nanoscale defects were found to be more effective in scattering phonons with short and

medium mean free paths (~3-10 nm) than those with long mean free path, which limited
the enhancement of 𝑍𝑍𝑍𝑍 > 2 [39,40]. Interestingly, the recently discovered topological

insulators, which are known to exhibit conducting surface states in a bulk insulating band
gap material due to the presence of strong spin-orbit coupling, hold much promise for
applications in quantum information technology, spintronics as well as thermoelectricity.
Not surprisingly, in the Bi2Te3 family, Bi2Te3 [41], antimony telluride (Sb2Te3), bismuth
selenide (Bi2Se3), have been identified as topological insulators [42] with promising TE
properties [41,43,44].
Typically, strategies to enhance 𝑍𝑍𝑍𝑍 are twofold [26,45]: (i) by enhancing the TE

power factor PF, or (ii) by reducing 𝜅𝜅𝐿𝐿 . The PF can be enhanced by energy filtering of

charge carriers [46–48], introduction of resonance levels in the valence or conduction band

to improve 𝛼𝛼 [49], band-structure engineering [50–52], or modulation doping [53]. On the

other hand, 𝜅𝜅𝐿𝐿 can be reduced through phonon engineering [54]. This can be achieved by
3

Figure 1:(a) Temperature dependent ZT of most recent TE materials in the low,
medium, and high temperature ranges [79]. (b) Citation rates obtained for SnSe,
GeTe, and PbTe from Google Scholar.
incorporating point defects [55], stacking faults [56], dislocations [57,58], vacancies [59],
nanostructuring [60,61], nanocomposites [62], secondary phase precipitates [63], and
phase separation techniques [64], all leading to enhanced phonon scattering. Based on the
4

above strategies for optimizing electronic and thermal transport, high 𝑍𝑍𝑍𝑍 ~ 1-2 has been

realized in many material systems such as the intermetallic half-Heusler alloys [65–67],
filled

skutterudites [68,69]

and

clathrates [70,71],

chalcogenides [72,73],

Zintl

phases [74,75], oxides [76], silicides [77] and other complex TE materials [23,78]. The
temperature-dependent 𝑍𝑍𝑍𝑍 > 1.5 of selected TE materials are shown in Figure 1 [79].
Among these, the most highly studied materials include the Bi2Te3-based chalcogenides,
which exhibit optimal TE properties in the low-temperature range (< 400 K) [80], PbTe
and PbS-based chalcogenides in the moderate temperature range (~600 - 900 K) [81,82],
and SiGe compounds that operate at higher temperatures (> 1000 K) [83]. Other

promising TE materials shown in Figure 1a include the half-Huesler alloys [84], doped
CoSb3 [85], Mg3Sb2 [86], BiCuSeO [87], GeTe [88], and SnTe [89].
Despite these successes, materials with intrinsically low 𝜅𝜅 are preferred for TEGs,

and surprisingly, several materials do exhibit considerably low 𝜅𝜅 that approach their
minimum (𝜅𝜅min ) limit [90,91].

1.2 Chalcogenides as the thermoelectric materials
Recently, the group IV-VI binary chalcogenides such as SnSe have been found to
exhibit a remarkably low thermal conductivity < 2 W m-1K-1 at 300 K in their single
crystalline phase. The origin of the low thermal conductivity in SnSe was attributed to large

phonon anharmonicity [92].
In addition, mixed ionic-electronic chalcogenides such as Cu2Se [93] and Cu2S [94]
have also gained attention due to their “phonon-liquid” behavior where the strong phonon
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scattering induced by the mobile ions is known to disrupt the thermal transport [93].
Nonetheless, the high mobility of the Cu2+ ions also destabilizes the material under high
voltage and thermal gradients, causing Cu precipitation and subsequent deterioration of its
TE performance. Recently, a Schottky heterojunction created between the Cu2Se host
matrix and BiCuSeO nanoparticles was reported to stabilize the long-range migration of
Cu2+ ions [95]. In addition, this heterojunction also impeded electron transfer from
BiCuSeO to Cu2Se and restricted the reduction of Cu+ into metallic Cu at the interface,
thus stabilizing the β-Cu2Se phase [95].
The chalcogenides (consisting of group VI chalcogen elements S, Se and Te)
represent an exciting family of compounds with distinct optical [96], electronic and thermal
transport due to their unique bonding mechanism named “metavalent” bonding [97],
semiconducting/semimetallic nature, as well as topologically insulating properties [98].
They exhibit various crystal structures, e.g., layered hexagonal (Bi2Te3), rock-salt cubic
(PbTe and GeTe), and layered orthorhombic (SnSe); these structures give rise to unique
phonon scattering mechanisms and TE performances. Yu et al. [97] pointed out that a
select group of chalcogenides such as the PbTe, PbS, and GeTe with an octahedra-like
atomic arrangement exhibit unique bonding mechanisms that could be correlated to band
structure properties such as large valley degeneracy, band convergence, and band
anisotropy [99]. These properties collectively optimize the electronic transport and the PF.
In addition, the chemical bonds within these atomic arrangements exhibit very soft bonds
in comparison to ionic and covalent bonds, leading to strong phonon anharmonicity and
low 𝜅𝜅𝐿𝐿 (cf., Figure 2). The uniqueness of the “metavalent” bond is reflected in terms of i)
6

unusually large effective coordination numbers incompatible with the Zintl-Klemm “8–N”
rule; ii) sharply increasing electronic polarizability leading to extraordinarily high optical
dielectric constants (ε∞); iii) unusually high Born effective charges as a consequence of
increased chemical bond polarizability; iv) almost metal-like conductivity; v)
unconventional bond breaking mechanism in laser-assisted atom probe tomography; vi)
unusual phonon softening, leading to huge mode-specific Grüneisen parameter for
transverse optical phonons. [97,100–102]. These attributes however overlapping with the
well stablished bonding mechanisms (viz., metallic, ionic, or covalent) are never satisfied
simultaneously by any particular one category of the bond [101].

Figure 2: TE performance of octahedrally coordinated chalcogenides. Published
with permission from [97].
7

Figure 3: A scatter plot of thermal conductivity versus density of single and
polycrystalline SnSe [103]. The open and solid symbols represent κ at 300 K and
760 K, respectively. Red circles represent the κ values of single-crystalline SnSe along
the a-axis and along the b and c axes are represented by blue squares. The κ values of
polycrystalline SnSe along the parallel and perpendicular pressing directions are
represented by green triangles and violet inverted triangles. The red ellipse
encompasses data from [104], and data reported by other groups lie [105–120] within
the blue ellipse.
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Among these chalcogenides, the layered single-crystalline pristine and
doped [104,105] SnSe exhibited a record high ZT ~ 2.6 at 923 K along two of its
crystallographic axes. These studies were followed by several publications, apparent from
the increasing citations in 2017 (Figure 1b). Despite these successes, many groups were
unable to reproduce the high ZT value in the pristine SnSe, and the low density of the single
crystal published in Ref. [104] was deemed one reason (cf. Figure 3) [103]. Most recently,
a record-breaking ZT ~ 3.1 at 783 K was reported in hole-doped SnSe polycrystalline
samples where constituent elemental Sn was purified to remove surface SnOx [121].
In the following chapters, we elucidate the anharmonic effects leading to low 𝜅𝜅𝐿𝐿

and hence high TE performance in chalcogenides such as SnSe and Sb-doped GeTe. We
focus on experimental methods to measure and quantify anharmonicity in chalcogenide TE
materials. Among the many tools available, Raman spectroscopy is particularly useful for
measuring lattice anharmonicity through temperature-dependent behavior of phonon
modes. Raman spectroscopy is a non-destructive characterization technique that is also
readily available as a tabletop instrument. Especially in the case of few-layered materials,
the Raman signature is sensitive to the number of layers. Analysis of the temperaturedependent mode frequencies and linewidths provides critical insights into the phonon
decay mechanisms and thereby the origins of anharmonicity in chalcogenide-based TE
materials. In addition to Raman spectroscopy, we also focus on temperature-dependent
heat capacity and neutron scattering measurements, which complement the Raman
measurements to give a complete picture of lattice anharmonicity in these emerging TE
materials.
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We begin with a discussion on thermal conductivity and provide a theoretical basis
for phonon scattering mechanisms due to lattice anharmonicity (CHAPTER TWO).
CHAPTER THREE relates the anisotropy in the crystal’s elasticity to the origin of the
negative thermal conductivity (NTE) and nonlinear force constants (i.e., anharmonicity) in
SnSe. CHAPTER FOUR discusses various experimental tools to measure anharmonicity,
including Inelastic Neutron Scattering, Raman spectroscopy, and heat capacity
measurements. CHAPTER FIVE presents the study of the anharmonicity in SnSe and GeTe
using different tools listed in CHAPTER FOUR. Finally, CHAPTER SIX presents the
future outlook, which includes new directions to apply machine learning (ML) to discover
and optimize TE properties.

10

CHAPTER TWO
THERMAL CONDUCTIVITY AND TEMPERATURE-DEPENDENT PHONON
SCATTERING
In solids, heat propagates from the hot end to the cold end via the transfer of
electrons and/or vibrations of the periodic atomic lattice. According to Fourier’s law of
heat transfer, the heat flux per unit area per unit time (Φ) is proportional to the temperature
gradient (𝑑𝑑𝑑𝑑⁄𝑑𝑑𝑑𝑑) along the length of the conductor according to the relation: Φ =

−𝜅𝜅 𝑑𝑑𝑑𝑑⁄𝑑𝑑𝑑𝑑, where the proportionality constant 𝜅𝜅 is the total thermal conductivity of the
material. In insulators and semiconductors, heat transfer is dominated by phonons, or
quantized lattice vibrations that form a series of traveling elastic waves carrying packets of

energy of the order of 𝐸𝐸 = ℏ𝜔𝜔, where 𝜔𝜔 is the angular frequency. Since the thermal

properties of solids are generally related to vibrations of the atoms about their equilibrium
positions, a crystal lattice is often represented by a ball and spring model with the atomic
bonds as perfect springs with spring constants 𝑘𝑘𝑠𝑠 , where the atomic displacements (𝑥𝑥)
ideally obey the Hooke’s law (𝐹𝐹 = 𝑘𝑘𝑠𝑠 𝑥𝑥). However, real crystals depart from the normal
modes of an ideal crystal, where anharmonic lattice waves lead to phonon interactions that

reduce 𝜅𝜅𝐿𝐿 [122]. From the classical theory of gases, 𝜅𝜅𝐿𝐿 ~ (1⁄3) 𝑐𝑐𝑣𝑣 𝑣𝑣ℓ, where 𝑐𝑐𝑣𝑣 is the

specific heat per unit volume of phonons, ℓ is the mean free path of phonons, and 𝑣𝑣 (=

𝜕𝜕𝜕𝜕� , 𝑘𝑘 is the wavevector) is the phonon group velocity or the velocity of sound through
𝜕𝜕𝜕𝜕
the material. Two dominant strategies for reducing heat transport via phonons include
reducing ℓ, and/or reducing 𝑣𝑣 [123]. The strategies to reduce 𝑣𝑣 include flattening the

acoustic branch in the phonon dispersion relation by selecting TE materials that contain
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heavy atoms with weak interatomic bonding as in polymers or restricting the characteristic
length of the material to the order of its phonon coherence length [124]. Typically, 𝜅𝜅𝐿𝐿

varies linearly with ℓ at higher temperatures, as 𝑐𝑐𝑣𝑣 remains constant at higher temperatures

(the Dulong Petit limit), and 𝑣𝑣 is also weakly temperature-dependent except near phase

transition temperatures [125]. Thus, strategies to reduce 𝜅𝜅𝐿𝐿 focus on limiting ℓ by inducing
phonon scattering mechanisms such as mass fluctuations and/or strain fields, doping,

increased atomic disorder, and defects [32]. These phonon scattering mechanisms are
temperature-dependent, and different mechanisms are prominent in particular temperature
ranges (cf. Figure 4).
The temperature-dependent thermal conductivity is measured directly using a
steady-state technique at lower temperatures (10-300 K) [126], while at higher
temperatures (300-1000 K), a laser flash technique [127] is employed in which the thermal
diffusivity (D) is measured, and the thermal conductivity is extracted from the relation (𝜅𝜅 =

𝑐𝑐𝑣𝑣 𝐷𝐷𝐷𝐷) where 𝑑𝑑 is the density of the material. Also, 𝑐𝑐𝑣𝑣 ~𝑐𝑐𝑝𝑝 for solids and the temperaturedependent 𝑐𝑐𝑝𝑝 is measured using differential scanning calorimetry or theoretically estimated

as a constant using the Dulong Petit limit (3R) for the material. Not surprisingly, the
efficiencies of early TE materials were underestimated by > 50%. For example, a

𝑍𝑍𝑍𝑍 ~ 0.7 was estimated in Na-doped PbTe (which was used in the first generation

MMRTGs) due to an overestimation of its 𝜅𝜅 using the room temperature value in the high-

temperature range. The ZT value was finally revised to be ~1.4 − 1.7 [14,128] after the
temperature-dependent 𝜅𝜅 was measured accurately with the advent of the laser diffusivity

technique in 1960s [14].
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Figure 4: Temperature dependent phonon scattering mechanisms. At low T, the
number of phonons with large enough wavevector is proportional to exp(−θ/T), where
θ is a temperature comparable with the Debye temperature 𝜣𝜣𝑫𝑫 . At high T, most of

the phonons will have large enough wavevector to support Umklapp (German: flipover) or U-processes, and number of phonons is proportional to T.
Figure 4 shows the typical temperature-dependent 𝜅𝜅 for TE materials. Boundary

scattering is dominant at low temperatures (much below the Debye temperature, 𝛩𝛩D ),

where the long-wavelength phonons are scattered by grain boundaries in polycrystals or by
the size of the single crystals. In this low-temperature range, 𝜅𝜅𝐿𝐿 varies as 𝑇𝑇 3 , arising from

the temperature dependence of specific heat capacity of single crystals and well-ordered
polycrystals [129]. Boundary scattering was also found to be significant, which decreases
𝜅𝜅𝐿𝐿 even at higher temperatures [130,131]. With increasing temperature, the number of

phonons increases, and the Umklapp or anharmonic phonon-phonon scattering becomes
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the dominant phonon scattering mechanism to reduce 𝜅𝜅𝐿𝐿 as 1�𝑇𝑇 at higher temperatures.
This is true in general for crystals where at high temperature the phonon-phonon scattering

is dominated by a three-phonon scattering process. However, some crystals exhibit a
dominant four-phonon process such as elemental Si, Ge and GeTe [132]. In such cases 𝜅𝜅𝐿𝐿

deviates significantly from the 1�𝑇𝑇 behavior [133,134], which will be discussed in detail
in CHAPTER FIVE Point defects in a crystal lattice, isotopes, or dislocations can also

scatter phonons and decrease the magnitude of the Umklapp peak [135,136].
2.1 Phonon anharmonicity
As mentioned earlier, the thermal properties of many materials, including small
molecules and large solids, are governed by atomic vibrations. Notably, the specific heat,
thermal expansion, elastic properties, entropy, and lattice thermal conductivity of solids
are closely connected with the lattice vibrations of the solid [137,138]. A separate field in
thermodynamics, viz., statistical thermodynamics, explains how these atomic-level
quantum vibrations are related to a solid’s observable macroscopic thermal
properties [139].
It is standard practice for quantum mechanical simulations of a solid to model the
system’s potential energy U(r) using the harmonic approximation (HA) [140] as shown in
Figure 5a-b. In the HA, the lattice dynamics are driven by independent quantum harmonic
oscillators. The system’s potential energy is limited to the quadratic term of the atomic
displacements (cf. Eqn. 1) from the equilibrium position [129,140]. Choosing only up to
the quadratic terms in the Taylor expansion of the lattice potential has two major
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Figure 5: (a) Ball and spring model depicting the harmonic and anharmonic
vibrations (figure is a schematic in which the atomic vibrations are not drawn to
scale). (b) Schematic of harmonic and anharmonic potential wells. (c) Schematic of
select three- and four-phonon scattering processes.
shortcomings [141]. Firstly, the constant-volume-based computed thermal properties of the
15

material prevent the HA from accurately describing the thermal expansion and
temperature-dependent mechanical properties such as thermo-elasticity and the difference
between isochoric and isobaric thermodynamic functions such as specific heat. Secondly,
the HA assumes that a lattice vibration never decays and two or more lattice vibrations do
not interact, leading to an absurd conclusion of infinite phonon lifetimes and infinite lattice
thermal conductivity, contrary to the finite measured conductivities in solids.
The shortcoming of the first type can be effectively addressed by using the so-called
quasiharmonic approximation (QHA), which evaluates phonon frequencies 𝜔𝜔 as a function
of the temperature-dependent cell volume, i.e., 𝜔𝜔 ≡ 𝜔𝜔[𝑉𝑉(𝑇𝑇)] [141]. In other words, the

phonon frequency is a functional that depends on temperature through volume. However,
a complex model that includes the phonon-phonon interaction term is needed for the second
shortcoming. An example is the inclusion of cubic and quartic terms in the lattice potential

to describe a phonon with frequency 𝜔𝜔 decaying into two and three phonons in the socalled three- and four-phonon processes, respectively (Figure 5c). As the name suggests,

a three-phonon process involves the lowest order anharmonic coupling, resulting in the
decay of a single phonon into two phonons or the recombination of two phonons into a new
phonon. In contrast, the four-phonon process involves four phonon interactions through
either recombination or decay.
2.1.1 Quasiharmonic approximation
As mentioned in the previous section, the QHA assumes the phonon frequencies
ω(V) to depend solely on volume, and the temperature-dependent lattice dynamics are still
approximated by the normal harmonic modes with phonon frequencies that are shifted due
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to the thermal expansion.
According to QHA, the interaction potential of a crystal can be written as,
3𝑝𝑝

𝑁𝑁

1
2 2
𝑈𝑈 = 𝑈𝑈(0) + � � 𝑚𝑚𝑖𝑖 𝑥𝑥𝑖𝑖𝑗𝑗
𝜔𝜔𝑖𝑖𝑖𝑖 ,
2
𝑖𝑖=1 𝑗𝑗=1

1

1

𝑈𝑈 = 𝑈𝑈(0) + ∑𝜈𝜈 ∑𝒒𝒒 �𝑛𝑛𝜈𝜈 (𝒒𝒒) + 2� ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒) .

2

Equations 1 and 2 are equivalent. Eqn. 1 involves summation over real space,

whereas Eqn. 2 involves summation over momentum space. Here, 𝜔𝜔𝑖𝑖𝑖𝑖 = 𝜔𝜔𝑖𝑖𝑖𝑖 �𝑥𝑥𝑖𝑖𝑖𝑖 � is the

vibrational frequency of the ith atom in the jth unit cell, and 𝜔𝜔𝜈𝜈 (𝒒𝒒) is the eigenfrequency

(normal mode) associated with branch (or polarization) index 𝜈𝜈 and allowed phonon wave

vector 𝒒𝒒, which depends on the volume of the crystal. The 𝑥𝑥𝑖𝑖𝑖𝑖 is the displacement of ith

atom in the jth unit cell from its equilibrium position, 𝑚𝑚𝑖𝑖 is the mass of the ith atom of the

unit cell, 𝑛𝑛𝜈𝜈 (𝒒𝒒) = 0,1,2 … is the quantum number for a completely harmonic system, p is

the total number of atoms in the unit cell, and N is the total number of unit cells in the
crystal.
Within canonical ensemble, the free energy (𝑓𝑓𝜈𝜈𝑞𝑞ℎ (𝒒𝒒)) of a normal mode with

frequency 𝜔𝜔𝜈𝜈 (𝒒𝒒) under QHA is given by,
𝑓𝑓𝜈𝜈𝑞𝑞ℎ (𝒒𝒒) = −𝑘𝑘𝐵𝐵 𝑇𝑇𝑇𝑇𝑇𝑇 �∑∞
𝑛𝑛=0 𝑒𝑒𝑒𝑒𝑒𝑒 �−
1

𝜀𝜀𝜈𝜈𝑛𝑛 (𝒒𝒒)
𝑘𝑘𝐵𝐵 𝑇𝑇

where 𝜀𝜀𝜈𝜈𝑛𝑛 (𝒒𝒒) = �𝑛𝑛𝜈𝜈 (𝒒𝒒) + 2� ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒).

3

��,

After simplification,

ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)

𝑓𝑓𝜈𝜈𝑞𝑞ℎ (𝒒𝒒) = 𝑘𝑘𝐵𝐵 𝑇𝑇 �

2𝑘𝑘𝐵𝐵 𝑇𝑇

+ 𝑙𝑙𝑙𝑙 �1 − 𝑒𝑒𝑒𝑒𝑒𝑒 �−

ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)
𝑘𝑘𝐵𝐵 𝑇𝑇
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���,

4

Hence, the total free energy is given by,
𝐹𝐹 𝑞𝑞ℎ (𝑇𝑇, 𝑉𝑉) = ∑𝜈𝜈 ∑𝒒𝒒 𝑓𝑓𝜈𝜈𝑞𝑞ℎ (𝒒𝒒) = 𝑘𝑘𝐵𝐵 𝑇𝑇 ∑𝜈𝜈 ∑𝒒𝒒 �

ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)
2𝑘𝑘𝐵𝐵 𝑇𝑇

This free energy gives entropy as,
𝜕𝜕𝐹𝐹𝑞𝑞ℎ

𝑆𝑆 𝑞𝑞ℎ (𝑇𝑇, 𝑉𝑉) = − �

𝜕𝜕𝜕𝜕

� = 𝑘𝑘𝐵𝐵 ∑𝜈𝜈 ∑𝒒𝒒 �
𝑉𝑉

+ 𝑙𝑙𝑙𝑙 �1 − 𝑒𝑒𝑒𝑒𝑒𝑒 �−

(ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)⁄𝑘𝑘𝐵𝐵 𝑇𝑇 )

ℏ𝜔𝜔 (𝒒𝒒)
�𝑒𝑒𝑒𝑒𝑒𝑒� 𝜈𝜈 �−1�
𝑘𝑘𝐵𝐵 𝑇𝑇

ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)
𝑘𝑘𝐵𝐵 𝑇𝑇

− 𝑙𝑙𝑙𝑙 �1 − 𝑒𝑒𝑒𝑒𝑒𝑒 �−

���.

ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)
𝑘𝑘𝐵𝐵 𝑇𝑇

Next, the total specific heat at constant volume CV is given by,
𝜕𝜕𝑆𝑆 𝑞𝑞ℎ

𝐶𝐶𝑉𝑉 (𝑇𝑇, 𝑉𝑉) = −𝑇𝑇 �
where 𝐶𝐶𝜈𝜈,𝒒𝒒 = 𝑘𝑘𝐵𝐵

𝜕𝜕𝜕𝜕

� = 𝑘𝑘𝐵𝐵 ∑𝜈𝜈 ∑𝒒𝒒
𝑉𝑉

ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)
�−1�
𝑘𝑘𝐵𝐵 𝑇𝑇

�𝑒𝑒𝑒𝑒𝑒𝑒�

ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)
�
𝑘𝑘𝐵𝐵 𝑇𝑇
2

(ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)⁄𝑘𝑘𝐵𝐵 𝑇𝑇 )2 𝑒𝑒𝑒𝑒𝑒𝑒�

ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)
�−1�
𝑘𝑘𝐵𝐵 𝑇𝑇

�𝑒𝑒𝑒𝑒𝑒𝑒�

ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)
�
𝑘𝑘𝐵𝐵 𝑇𝑇
2

(ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)⁄𝑘𝑘𝐵𝐵 𝑇𝑇 )2 𝑒𝑒𝑒𝑒𝑒𝑒�

���.

= ∑𝜈𝜈 ∑𝒒𝒒 𝐶𝐶𝜈𝜈,𝒒𝒒 ,
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is the contribution of the phonon with frequency
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

𝜔𝜔𝜈𝜈 (𝒒𝒒) to the specific heat. Because 𝑑𝑑𝑑𝑑 = �𝜕𝜕𝜕𝜕� 𝑑𝑑𝑑𝑑 + �𝜕𝜕𝜕𝜕 � 𝑑𝑑𝑑𝑑, and when 𝑑𝑑𝑑𝑑 = 0,
𝜕𝜕𝜕𝜕

�𝜕𝜕𝜕𝜕 � = −
𝑉𝑉

𝜕𝜕𝜕𝜕
�
𝜕𝜕𝜕𝜕 𝑃𝑃
𝜕𝜕𝜕𝜕
� �
𝜕𝜕𝜕𝜕 𝑇𝑇

�

1 𝜕𝜕𝜕𝜕

=

1 𝜕𝜕𝜕𝜕
� �
𝑉𝑉 𝜕𝜕𝜕𝜕 𝑃𝑃
1 𝜕𝜕𝜕𝜕
− � �
𝑉𝑉 𝜕𝜕𝜕𝜕 𝑇𝑇

𝑇𝑇

𝑃𝑃

𝛽𝛽

= 𝜒𝜒𝑇𝑇 ,
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𝑇𝑇

1 𝜕𝜕𝜕𝜕

where 𝛽𝛽𝑇𝑇 = 𝑉𝑉 �𝜕𝜕𝜕𝜕 � is thermal expansion co-efficient and 𝜒𝜒𝑇𝑇 = − 𝑉𝑉 �𝜕𝜕𝜕𝜕� is the isothermal
compressibility.

𝑃𝑃

𝑇𝑇

From Maxwell’s equation [129],
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

�𝜕𝜕𝜕𝜕 � = �𝜕𝜕𝜕𝜕� .
𝑉𝑉

9

𝑇𝑇

From equation 6,
𝜕𝜕𝜕𝜕

�𝜕𝜕𝜕𝜕� = 𝑘𝑘𝐵𝐵 ∑𝜈𝜈 ∑𝒒𝒒 �
𝑇𝑇

Where, 𝛾𝛾𝜈𝜈,𝒒𝒒 = −

ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)
�
𝑘𝑘𝐵𝐵 𝑇𝑇
2

(ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)⁄𝑘𝑘𝐵𝐵 𝑇𝑇 )2 𝑒𝑒𝑒𝑒𝑒𝑒�

ℏ𝜔𝜔 (𝒒𝒒)
�𝑒𝑒𝑒𝑒𝑒𝑒� 𝜈𝜈 �−1�
𝑘𝑘𝐵𝐵 𝑇𝑇

𝜕𝜕𝑙𝑙𝑙𝑙𝑙𝑙𝜈𝜈 (𝒒𝒒)
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

� �− 𝜔𝜔

1

𝜈𝜈 (𝒒𝒒)

𝜕𝜕𝜔𝜔𝜈𝜈 (𝒒𝒒)
𝜕𝜕𝜕𝜕

1

� = 𝑉𝑉 ∑𝜈𝜈 ∑𝒒𝒒 𝐶𝐶𝜈𝜈,𝒒𝒒 𝛾𝛾𝜈𝜈,𝒒𝒒 .
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is the generalized mode (or partial Grüneisen parameter) related
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to individual phonons.
From equations 7-10,
𝑉𝑉𝛽𝛽𝑇𝑇

𝐶𝐶𝑉𝑉 𝜒𝜒𝑇𝑇

=

∑𝜈𝜈 ∑𝒒𝒒 𝐶𝐶𝜈𝜈,𝒒𝒒 𝛾𝛾𝜈𝜈,𝒒𝒒
∑𝜈𝜈 ∑𝒒𝒒 𝐶𝐶𝜈𝜈,𝒒𝒒

= 𝛾𝛾𝑇𝑇 .

11

Equation 11 is also referred to as Grüneisen theory and 𝛾𝛾𝑇𝑇 is a dimensionless

parameter called the overall Grüneisen parameter of the crystal [142–144]. Typically, 𝛾𝛾𝑇𝑇 is
positive; however materials with a negative Grüneisen parameter have also been

reported [145]. Typically, materials with NTE are associated with such negative Grüneisen
parameters. However, our analysis of SnSe’s high-temperature elastic properties shows that
negative thermal expansion can be achieved even with positive Grüneisen parameters,
which is discussed in detail in CHAPTER THREE.
Although, the QHA successfully describes many thermal properties of different
materials [146–149], it cannot explain all thermal properties of solids, specifically in
materials with strong anharmonic characteristics [129].

For example, some materials

exhibit ultralow thermal conductivity (𝜅𝜅𝐿𝐿 ) that cannot be explained by the existing QHA

model and a thorough study of anharmonic properties of these materials is required to
explain the underlying physics behind their ultralow 𝜅𝜅𝐿𝐿 . Depending on the physical property
of interest, a few approaches exist to address the shortcomings of the QHA, such as the self-

consistent anharmonic model (SCAM), temperature-dependent effective potentials (TDEP),
and the molecular dynamics (MD) framework. [150,151] Aikawa et al. [152] extended the
SCAM developed by Fujii et al. [153] to describe the ferroelectric properties [152],
dielectric properties at high temperature [154], the isotope effect [155], surface
effects [156], and the cubic-to-tetragonal phase transition behavior [157] of BaTiO3 through
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first-principle calculations. Hellman et al. [158] developed a TDEP model for the treatment
of lattice dynamics of strongly anharmonic solids and suggested how the temperature
dependence of all components of the free energy should be considered and provided a
number of practical examples to showcase the effectiveness of TDEP within ab initio and
classical MD frameworks.
2.1.2 Origin of anharmonicity in SnSe and other TE materials
As mentioned earlier, materials can exhibit surprisingly low thermal conductivities
due to a strong phonon anharmonicity. The filled skutterudites and clathrates represent the
well-known PGEC materials, containing large complex cage-like structures filled with
smaller guest atoms known as fillers. The smaller guest atoms present within a large cage
allow the former to vibrate with larger amplitude at a different frequency from the host
cage structure. As a result, the modified phonon spectrum provides an additional channel
for the phonons to scatter, leading to stronger anharmonicity [159]. However, a study by
Koza et al. on the filled Fe4Sb12 skutterudites contradicted the rattler model in the host
skutterudite [160].
In a different class of materials, Morelli et al. [91] reported an ultralow room
temperature 𝜅𝜅𝐿𝐿 ∼ 0.6 Wm-1Κ-1 in the ternary I-V-VI2 semiconductors such as AgSbTe2 due

to extreme anharmonicity of the lattice vibration that was later attributed to the presence of

stereochemically active s2-orbital lone electron pairs (LEPs) of the group V element. The
Sb in AgSbTe2 becomes trivalent because the sp3 hybridization is prevented by a significant
gap in the energy levels of 5s and 5p electrons. This gives rise to a polar covalent bond
with the chalcogen by sharing its p electrons, while the s2 electron pair forms an isolated
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“lone pair” [91,161]. A non-linear repulsive electrostatic force originating from
overlapping wave functions of the weakly bound LEP and neighboring valence electrons
was deemed responsible for the strong anharmonicity during thermal agitation [162]. It
should be noted that the materials with LEPs possess complex asymmetric crystal
structures.
However, Walsh et al. [163] provided a revised model according to which the
formation of stereochemically active lone pairs depends on the strength of the interaction
between the cation s states and the anion p states, and hence on their relative energies. A
stronger interaction is seen when their energies are closer that gives rise to active LEPs.
However, for the heavier anions (e. g. Te in SnTe) this interaction is significantly reduced,
leading to weaker LEPs as observed in SnTe in comparison to SnSe and SnS. In contrast,
in case of PbS, the relative energy incompatibility hinders the formation of
stereochemically LEPs. This model was able to explain the distortion of crystals even
without the presence of LEPs. Recently, Raty et al. [164] based on their DFT calculation
pointed out that the effect of the LEPs is weak in PbTe while the metavalent bonding dominates
confirming the Walsh et al. model [163].

Interestingly, selected chalcogenides, e.g., PbTe, (Ge, Sb)Te, and SnTe, also
showed the presence of strong anharmonicity despite their symmetric rock-salt
structure [7,165,166]. Lee et al. [167] computationally provided a correlation between
resonant chemical bonding (different from resonant bonding in graphite or benzene) [101]
and low thermal conductivity in the Pb, Bi, and Sn chalcogenides. They concluded that the
long-range interaction in these crystal structures with competing covalent and ionic bonds

21

induces strong anharmonicity. Nonetheless, Wuttig et al. [101] suggested that these
interactions are not just a superposition of covalent and ionic bonds, but rather a genuine
mechanism of bonding in solids coined as “metavalent” bonding as mentioned in
CHAPTER ONE.
Returning to SnSe, based on DFT calculations, Hong et al. [168] deduced that the
strong anharmonicity of SnSe originates from the chemical instability of the in-plane
resonant bonding through a spontaneous Jahn-Teller-like distortion. Our study of SnSe’s
high-temperature elastic properties found that the relative displacement of Sn atom in SnSe
corresponding to Jahn-Teller-like distortion partially utilizes the thermal energy provided
to the crystal leading to the strong anharmonicity [9]. Another chalcogenide GeTe with a
displacive phase transition [169–171] originating from relative shifts of Ge and Te
substructures, also exhibits strong anharmonicity [7,170]. Our study of SnSe and
GeTe [7,8] found that researching materials with a displacive phase transition could benefit
the TE community as there is a greater probability of finding materials that exhibit strong
anharmonicity. The complex relationship between anharmonicity, anisotropy, and negative
thermal expansion is further discussed in detail in CHAPTER THREE.
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CHAPTER THREE
ANISOTROPIC ELASTICITY AND NEGATIVE THERMAL EXPANSION IN
SINGLE-CRYSTALLINE SnSe
Interest in negative thermal expansion (NTE) materials dates back to several
centuries with the discovery of the anomalous expansion of water between 0 – 4 ºC. Since
then, NTE in a wide range of solid material systems, broadly classified as conventional and
phase transition type materials [172], has been well studied to innovate zero expansion
composite materials for future applications [173,174]. Of particular interest is the study of
NTE in anisotropic crystalline materials, where a combination of positive and negative
linear thermal expansion coefficients results from inherent anisotropic elasticity. Single
crystalline SnSe is one such anisotropic chalcogenide, which has received considerable
attention in recent years due to its surprisingly low thermal conductivity and high
thermoelectric figure of merit [8,103–105,132,175–178]. A strong lattice anharmonicity,
which originates from SnSe’s unique anisotropic crystal structure, is responsible for its
intrinsic low thermal conductivity. SnSe has a layered orthorhombic (Pnma below the
transition temperature, Tc ~ 810 K) crystal structure at room temperature. Each layer is
composed of strongly-bonded two-atom thick Sn-Se (along the b-c plane; Figure 6a) slabs
that are stacked along the a- direction (with weaker Sn-Se bonding).
Previous temperature-dependent neutron scattering measurements indicated that
SnSe exhibits NTE along one of its crystallographic directions at T < Tc, viz., the bond
length along its c-direction decreases with increasing temperature in the Pnma
phase [177,179]. Theoretical calculations [180,181] suggest the NTE is driven by bond
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rotations, causing the phonon modes to transverse along the c axis. Typically, the NTE
materials are also associated with negative axial Grüneisen parameters, γi= −

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜀𝜀𝑖𝑖

(where

εi is the strain along the ith direction), which is a direct measure of the relationship between

the phonon frequency 𝜔𝜔 and crystal volume change. However, for SnSe, discrepancies

exist in the literature, with both positive and negative values reported experimentally [180]
and theoretically [104,180,181] for the Grüneisen parameter (𝛾𝛾3) along the c-direction. In

this regard, Bansal et al. [180] is the only group that reported the Grüneisen parameters
using a combination of experimental and computational elastic constants to arrive at the
conclusion that Grüneisen parameter is negative along the c-direction, which contradicts

all theoretical calculations, including their own DFT calculation. Therefore, the origin of
NTE in SnSe needs to be explored fully from experimental and modeling standpoints.
The inconsistencies in the reported values of Grüneisen parameter may be attributed
to a lack of understanding of the complex relationship between the various directional
Grüneisen parameters 𝛾𝛾𝑖𝑖 , and the anisotropic elastic properties of the SnSe crystal [182].

Hence, complete knowledge of the temperature-dependent elastic constants of SnSe is
essential to accurately determine the magnitude and sign of 𝛾𝛾𝑖𝑖 . To this end, for the first

time, our collaborators at University of Mississippi measured the elastic stiffness tensor
𝐶𝐶𝑖𝑖𝑖𝑖 (discussed in more details in section 3.2) of single-crystalline SnSe using the resonant

ultrasound spectroscopy (RUS) in the temperature range 300-800 K. The RUS data

revealed a high degree of anisotropy in the temperature-dependent elastic constants,
confirming a positive 𝛾𝛾3 in the temperature range (~295-725 K) despite its negative NTE
along the c-direction, which is consistent with the reported DFT calculations [181].
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(a)

(b)

Figure 6: (a) Crystal structures of the Pnma and Cmcm phases of SnSe below and
above the phase transition temperature Tc ~ 810 K. (b) Single crystalline SnSe bulk
samples synthesized by the Bridgman method at the Institute of Physics, Academia
Sinica, Taiwan [9].
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3.1 Experimental methods
For the RUS experiments, I collaborated with Professor Gladden’s group at the
Department of Physics and Astronomy, National Center for Physical Acoustics, at the
University of Mississippi [9,183]. I was primarily involved in this project in theoretical
modeling as well as discussion of the physics leading to a publication in the Physical
Review B journal [9].
3.1.1 Sample preparation
High-quality single-crystalline SnSe samples (Figure 6b) (packing density >99%
of the theoretical density) were synthesized by the Bridgman method at the Institute of
Physics, Academia Sinica, Taiwan [177]. The as-grown SnSe crystals were cleaved along
the a-direction, and X-ray diffraction phi-scans explicitly identified the in-plane orientation
of SnSe single crystals. Subsequently, the crystals were cut along the three major
crystallographic directions to the size of ~2 × ~3.5 × ~4.75 mm3 for RUS measurements.
3.1.2 High-temperature resonant ultrasound spectroscopy (RUS) at the University of
Mississippi
RUS is a precise and efficient method that uses a measured resonance spectrum to
determine the elastic stiffness tensor of crystalline solids [184–187]. In contrast to other
conventional non-destructive acoustical techniques, RUS can measure the elasticity
constants at higher temperatures up to ~1200 K depending on the robustness of its
transducers at high temperatures (Figure 7) [188–190]. In our RUS experiments, a
polished rectangular parallelepiped-shaped crystalline sample was used. Its resonance
spectrum was measured by exciting the sample with a frequency-swept continuous wave
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(CW) over a fixed frequency range, and the sample response to the excitation was detected
by LiNbO3 acoustic transducers, which are in contact with the sample (Figure 7(i)). An
iterative procedure that entails the crystal geometry and density is used to “match” the
experimental frequencies with the calculated spectrum, which then allows the
determination of all elastic constants of the sample from a single frequency scan [184,186].
However, for high-temperature RUS measurements above 800 K, the transducers must be
isolated from the sample by acoustic rods to protect the transducers from deteriorating due
to high temperature exposure (Figure 7(ii)).

Figure 7: RUS experimental setup at Department of Physics and Astronomy at
University of Mississippi with i) direct contact transducer system for measurements
up to 800 K, and ii) buffer rod transducer system for measurements up to 1200 K [9].
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My collaborators first measured the resonance spectra of SnSe samples in the
temperature range from 295 – 773 K using a direct contact transducer system made with
LiNbO3 piezoelectric transducers, placed inside a sealed glass tube which is housed in a
tube furnace. Elastic stiffness tensors at different temperature points were computed from
the measured resonance frequencies in the spectra and the sample specification data. We
used the thermal expansion coefficients described in Figure 12a to calculate the
dimensions of the sample at the elevated temperatures, and those updated dimensions were
used in the elastic constants fitting routine. In this 9-elastic constant optimization algorithm
(performed by our collaborators at the University of Mississippi), a guided fitting routine
was followed to prevent weakly coupled elastic constants from varying dramatically. The
change in the natural frequency with respect to a change in each of the elastic constants
𝜕𝜕𝜕𝜕
( 𝑘𝑘�𝜕𝜕𝜕𝜕 ) varies significantly. Thus, the nine elastic constants were set into three groups
𝑖𝑖𝑖𝑖

to vary (or “float”) in each fitting routine. The most significant (largest derivatives) elastic

constants 𝐶𝐶44 , 𝐶𝐶55 , 𝐶𝐶66 were varied first, followed with varying the next group of 𝐶𝐶11 , 𝐶𝐶22 ,

𝐶𝐶33 , until the final group of 𝐶𝐶12 , 𝐶𝐶13 , 𝐶𝐶23 was varied. Then the optimized elastic constants
were used as the initial fit parameters in the fitting routine at the next temperature.

Theoretically calculated (DFT) elastic constants by Li et al. [191] were used as
initial parameters in the fitting routine. In a nonlinear optimization algorithm, it is
important to make sure that it settles in a global minimum rather than a local minimum. To
ensure that the results were optimized at a global minimum, 20 different fittings were
performed using randomly varied initial fit parameters. Their standard deviations were
within ±5% of the initial DFT values. In this way, 20 optimized values for each elastic
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constant at each temperature were obtained and their averages were taken as the final
temperature-dependent elastic constants, as shown in Figure 8a-c. The uncertainty bars
represent the standard deviations of the 20 optimized values of each elastic constant (cf.
Table 1).

Figure 8: Elastic constants and moduli of SnSe [9]. Temperature-dependent (a)
extensional, (b) shear and (c) off-diagonal elastic constants. The error bars represent
the standard deviations of 20 different fitting routines.
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Computed elastic constants were then used to determine the temperature
dependence of the macroscopic elastic moduli, axial bulk moduli, and shear anisotropic
factors, as shown in Figure 9 and Figure 10a. Due to the limitation of the maximum
operating temperature of the direct contact transducer system, typically ~800 K for
LiNbO3, a buffer rod transducer system was used to measure resonance spectra up to 953
K to detect the change in elastic constants across Tc [192,193]. Due to the acoustical losses
through the long buffer rods, all resonance peaks were not observed in the measured
spectra. It should be mentioned that all high-temperature data were collected under flowing
Ar gas (low oxygen environment) to prevent the samples from oxidizing.
Table 1 Temperature-dependent elastic constants and their uncertainties for single
crystalline SnSe [9].
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3.2 Results and discussion
As mentioned in CHAPTER TWO, the lattice vibration’s potential energy (U) in
the harmonic approximation is limited to the quadratic term of the interatomic
displacements, and the elastic constants are temperature independent [129]. However, for
crystal lattices that exhibit temperature-dependent elastic constants, the higher-order cubic
and quartic terms in U corresponding to the anharmonic three- and four-phonon decay
processes must also be considered [129,194]. Elasticity, a measure of material response to
applied stress or strain fields, is often used to determine the properties of lattice vibrations,
thermal transport mechanisms, and structural arrangements within crystal structures. The
relation between the stress tensor 𝜎𝜎𝑖𝑖𝑖𝑖 and strain tensor 𝜀𝜀𝑘𝑘𝑘𝑘 is given by the generalized

Hooke’s law as, 𝜎𝜎𝑖𝑖𝑖𝑖 = 𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝜀𝜀𝑘𝑘𝑘𝑘 [195–197]. The proportionality parameter 𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 is referred

to the 4th rank elastic stiffness tensor with 81 elements. The symmetry of the stress and

strain tensors reduces the indices 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 to a two-index form of ij using the Voigt convention,
such that 𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 simplifies to Cij - a 2nd rank 6 x 6 matrix with 36 elements. The number of

independent elements, called elastic constants, are reduced to 21 (for triclinic symmetry)
due to the symmetry relation 𝐶𝐶𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑗𝑗𝑗𝑗 . The number of non-zero independent elastic
constants are further reduced by the crystallographic symmetries of the crystalline

materials [188]. For example, there are 9 independent elastic constants of SnSe owing to
its orthorhombic crystal symmetry, and its elastic tensor can be written as follows,
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𝐶𝐶11 𝐶𝐶12
𝐶𝐶 𝐶𝐶
⎛ 12 22
𝐶𝐶 𝐶𝐶
𝐶𝐶𝑖𝑖𝑗𝑗 = ⎜ 13 23
⎜ 0 0
0 0
⎝ 0 0

𝐶𝐶13
𝐶𝐶23
𝐶𝐶33
0
0
0

0
0
0
𝐶𝐶44
0
0

0
0
0
0
𝐶𝐶55
0

0
0
0 ⎞
⎟.
0 ⎟
0
𝐶𝐶66 ⎠

12

The elastic potential energy density (Ũ) can be expanded in terms of strain tensor
as [198,199]
1

1

Ũ = 2! ∑𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝜀𝜀𝑖𝑖𝑖𝑖 𝜀𝜀𝑘𝑘𝑘𝑘 + 3! ∑𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝜀𝜀𝑖𝑖𝑖𝑖 𝜀𝜀𝑘𝑘𝑘𝑘 𝜀𝜀𝑚𝑚𝑚𝑚 + ⋯
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Within the harmonic approximation, the higher-order terms in Ũ can be neglected and
represented by only the quadratic part in equation 13. Hence probing temperature-

dependent elastic moduli is important to fully understand the phonon anharmonicity of
materials.
The variations of the measured elastic constants with increasing temperature from
295 to 773 K are illustrated in Figure 8a-c, grouping them into extensional, shear, and offdiagonal terms. According to the statics of the elastic constant fitting procedure, the
average for the uncertainties of the extensional constants (𝐶𝐶11 , 𝐶𝐶22 , 𝐶𝐶33 ) was found to be
~1.5% at room temperature, and it increases to ~ 3.7% at 773 K. Similarly, at elevated

temperature the uncertainty for the shear constants (𝐶𝐶44 , 𝐶𝐶55 , 𝐶𝐶66 ) increased from ~1.8%

to 2.8% and that of weakly coupled off-diagonal constants (𝐶𝐶12 , 𝐶𝐶13 , 𝐶𝐶23 ) increased from

~6.4 % to 10.7 %. The observed increase for the uncertainties is attributed to the
uncertainties associated with resonance frequency measurements at higher temperatures.

The accuracy of resonance frequency measurements is mainly reduced by the low Q factor
(which is a dimensionless quantity measuring the sharpness of the resonant frequency
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defined by the ratio of resonant frequency to the full width at half maximum (FWHM)).
For example, single-crystalline SnSe exhibits an intrinsic acoustical energy loss due to its
strong lattice anharmonicity, which leads to a low Q factor (~ 500 at T = 273) in the
resonance spectrum and it is further reduced by the thermo-elastic energy loss mechanism
at the elevated temperatures (~250 at T = 773).
Notably, the elastic constants 𝐶𝐶44 , 𝐶𝐶55 , 𝐶𝐶66 , which represent the shear modes,

exhibit a dramatic reduction down to ~35-70 % of their room temperature values. The off-

diagonal elastic constants 𝐶𝐶23 , and 𝐶𝐶13 follow a slower reduction down to 1-10 %, while

𝐶𝐶12 follows a rapid increase up to 55 % from the room temperature values. The extensional

mode constants 𝐶𝐶11 and 𝐶𝐶22

except 𝐶𝐶33

reduce between 19-27 % of their room

temperature values, indicating the softening of the extensional modes along the a- and bcrystallographic directions near the critical temperature. When compared to the variations
of other elastic constants, 𝐶𝐶33 exhibits an increase of ~16 % near the phase transition

temperature, indicating the stiffening of the extensional mode along the c-direction. This
observed deviation of 𝐶𝐶33 from the other extensional elastic constants can be rationalized

from the calculated temperature-dependent axial bulk moduli Ba, Bb, Bc along a-, b-, and cdirection, respectively (Figure 9a), where 𝐵𝐵𝑖𝑖 is defined as the inverse of the linear
compressibility, which provides the rigidity of the material extension (or compression)
along the ith direction due to the applied volumetric stress (or pressure) [200,201]. In
contrast, the extensional elastic constant 𝐶𝐶𝑖𝑖𝑖𝑖 (i=1,2,3) represents the rigidity of the material

extension (or compression) along ith direction due to the applied stress along the same ith
direction. The axial bulk moduli were calculated according to the following:
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𝜒𝜒

𝐵𝐵𝑎𝑎 = 1+𝜉𝜉+𝜚𝜚 ,

𝐵𝐵𝑏𝑏 =

where,

𝐵𝐵𝑎𝑎
𝜉𝜉

,

𝐵𝐵𝑐𝑐 =

𝐵𝐵𝑎𝑎

14

𝜚𝜚

𝜒𝜒 = 𝐶𝐶11 + 2𝐶𝐶12 𝜉𝜉 + 𝐶𝐶22 𝜉𝜉 2 + 2𝐶𝐶13 𝜚𝜚 + 𝐶𝐶33 𝜚𝜚 2 + 2𝐶𝐶23 𝜉𝜉𝜉𝜉

15

𝜉𝜉 = (𝐶𝐶11 −𝐶𝐶12)(𝐶𝐶33 −𝐶𝐶13)−(𝐶𝐶23 −𝐶𝐶13)(𝐶𝐶11 −𝐶𝐶13 )

(𝐶𝐶 −𝐶𝐶 )(𝐶𝐶 −𝐶𝐶 )−(𝐶𝐶 −𝐶𝐶 )(𝐶𝐶 −𝐶𝐶 )
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(𝐶𝐶 −𝐶𝐶 )(𝐶𝐶 −𝐶𝐶 )−(𝐶𝐶 −𝐶𝐶 )(𝐶𝐶 −𝐶𝐶 )

17

33

13

22

12

13

23

12

23

𝜚𝜚 = (𝐶𝐶22 −𝐶𝐶12 )(𝐶𝐶11 −𝐶𝐶13)−(𝐶𝐶11−𝐶𝐶12 )(𝐶𝐶23 −𝐶𝐶12)
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33

13

12
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It is clear from Figure 9a that the calculated bulk modulus along the c- direction,
Bc increases near Tc, while Ba and Bb decrease with temperature. This variation of the axial
bulk moduli illustrates the softening of the extensional modes along the a- and b- directions
and stiffening along the c-direction as the temperature increases towards Tc. The observed
higher value of Bb in the low temperature is due to the high stiffness along the b- direction,
which is also confirmed by the higher value of 𝐶𝐶22 than the other extensional elastic
constants. The above observations can be related to the change of the crystal structure and

lattice constants between the room temperature Pnma phase to the high-temperature Cmcm
phase [179]. At Tc, the weak Sn-Se bond along the c-direction in the Pnma phase (Figure
10b) becomes stronger due to the displacive phase transition to Cmcm phase, resulting in
a reduction of the lattice constant from 4.439 to 4.293 Å. This bond reinforcement is
consequently observed as an increase of both 𝐶𝐶33 and Bc with increasing temperature

(Figure 8a and Figure 9a) [179,181].
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Due to the elastic anisotropic behavior of SnSe, the Voigt-Reuss-Hill (VRH)
approximation was used to convert the anisotropic elastic constants to the macroscopic
elastic moduli, which represent the average (effective) elasticity of the crystalline
material [200–202]. According to the Voigt assumption, the bulk (BV) and the shear moduli
(GV) are expressed as:
1

18

1

19

𝐵𝐵𝑉𝑉 = 9 (𝐶𝐶11 + 𝐶𝐶22 + 𝐶𝐶33 + 2𝐶𝐶12 +2𝐶𝐶13 + 2𝐶𝐶23 ) ,
𝐺𝐺𝑉𝑉 = 15 (𝐶𝐶11 + 𝐶𝐶22 + 𝐶𝐶33 − 𝐶𝐶12 −𝐶𝐶13 − 𝐶𝐶23 + 3𝐶𝐶44 + 3𝐶𝐶55 + 3𝐶𝐶66 ) .
From the Reuss approximation, these moduli can be expressed as,
1

𝐵𝐵𝑅𝑅 = (𝑆𝑆

11 +𝑆𝑆22 +𝑆𝑆33 )+2(𝑆𝑆12 +𝑆𝑆13 +𝑆𝑆23 )

𝐺𝐺𝑅𝑅 = 4(𝑆𝑆

,

20

15

11 +𝑆𝑆22 +𝑆𝑆33 )−4(𝑆𝑆12 +𝑆𝑆13 +𝑆𝑆23 )+3(𝑆𝑆44 +𝑆𝑆55 +𝑆𝑆66 )

where [𝑆𝑆𝑖𝑖𝑖𝑖 ] = �𝐶𝐶𝑖𝑖𝑖𝑖 �

−1

.
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and 𝑆𝑆𝑖𝑖𝑖𝑖 represents the components of elastic compliance tensor. The

Voigt equations represent the upper limit of the polycrystalline constants, while Reuss
equations represent the lower limit. Therefore, the elastic moduli can be approximated by
Hill’s average, and hence the bulk modulus, shear modulus, and Young’s modulus can be
expressed as 𝐵𝐵 =

(𝐵𝐵𝑉𝑉 +𝐵𝐵𝑅𝑅 )
2

, 𝐺𝐺 =

(𝐺𝐺𝑉𝑉 +𝐺𝐺𝑅𝑅 )
2

9𝐵𝐵𝐵𝐵

and 𝐸𝐸 = 3𝐵𝐵+𝐺𝐺 respectively. The calculated elastic

moduli decrease with increasing temperature, showing an overall material softening with
increasing temperature before the phase transition temperature (Figure 9b).
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Figure 9: Temperature-dependent (a) axial bulk moduli (fitted with the empirical
Varshini function [194] to elicit their temperature dependence) and (b) Young’s
modulus, bulk modulus, and shear modulus [9].
The macroscopic elastic anisotropy of SnSe is more clearly demonstrated by the
shear anisotropic factors (Ai), which illustrate the anisotropy in the bond dynamics between
atoms at the nanoscale in the different planes of the SnSe (Figure 10a). The shear
anisotropic factors are defined as follows: (i) 𝐴𝐴1 = 4𝐶𝐶44 /(𝐶𝐶11 + 𝐶𝐶33 − 2𝐶𝐶13 ) for the

{100} plane between <011> and <010> directions, (ii) 𝐴𝐴2 = 4𝐶𝐶55 /(𝐶𝐶22 + 𝐶𝐶33 − 2𝐶𝐶23 )

for the {010} plane between <101> and <001> directions, and (iii) 𝐴𝐴3 = 4𝐶𝐶66 /(𝐶𝐶11 +

𝐶𝐶22 − 2𝐶𝐶12 ) for the {001} plane between <110> and <010> directions [200]. The crystal

planes become elastically isotropic when the 𝐴𝐴𝑖𝑖 = 1, and any departure from unity is an

indicator of elastic anisotropy in the planes. Interestingly, the shear anisotropic factor 𝐴𝐴2 ,
which corresponds to the ac plane reaches 1 at 797 K from 2.3 at 300 K, indicating

increasing elastic isotropy in the ac plane up to Tc (Figure 10a). This shift in 𝐴𝐴2 can be
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clearly understood from the different crystallographic planes as SnSe transitions from the
Pnma to the Cmcm phase. These differences are shown schematically in Figure 10b.
Indeed, the ac-plane below Tc is clearly the most distorted plane compared to the
other planes of SnSe within which the Sn atom (initially bonded to the Se atom only along
one direction) develops a new Sn-Se bond that leads to more isotropic bonding
characteristics in the Cmcm phase. This anisotropic-to-isotropic shift in the ac-plane is
reflected as a prominent change in the value of 𝐴𝐴2 . In contrast, relatively subtle transitions
in the bonding characteristics of the bc- and ab-planes are observed across Tc and are

reflected in subtle shifts in the values of 𝐴𝐴1 and 𝐴𝐴3 , respectively.

Figure 10: Elastic anisotropy in SnSe. Temperature dependent (a) shear isotropic
factors, (b) a schematic of crystallographic planes of SnSe as the crystal transitions
from the Pnma to the Cmcm phase [9].
Recently, based on DFT calculations, Hong et al. [168] deduced that the strong
anharmonicity of SnSe originates from the chemical instability of the in-plane resonant
bonding through a spontaneous Jahn-Teller-like distortion. Based on prior neutron
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diffraction experiments by Chattopadhyay et al. [203], it is well known that SnSe exhibits
a second-order displacive phase transition wherein a continuous movement of Sn atoms
along the c direction is the order parameter of the phase transition. This relative movement
of Sn atoms partially utilizes the thermal energy provided to the crystal, which in turn
proportionally deprives the crystal of expanding along the c direction. This movement of
the Sn atoms with increasing temperature also leads to the elastic anisotropy along different
crystallographic directions and, at the same time, acts as the source of the non-linear force
constant along c axis [204].

Figure 11: Temperature dependent (a)-(c) elastic compliance constants, and (d)
Poisson’s ratio in single-crystalline SnSe [9].
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The elastic anisotropy in SnSe is further illustrated by plotting the elastic
compliance constants, which are shown in Figure 11a-c. The elastic compliance constants
𝜕𝜕𝜖𝜖

(𝑆𝑆𝑖𝑖𝑖𝑖 = 𝑖𝑖 ) are defined as the amount of strain developed in the i-direction due to unit
𝜕𝜕𝜎𝜎
𝑗𝑗

stress in the j-direction [129]. Equation 22 describes how SnSe behaves when stress is

applied along different directions to the crystal, where the “<” or “>” relationships reflect
the trends shown in Figure 11a-c.
𝜕𝜕𝜖𝜖1

⎡𝑆𝑆11 = 𝜕𝜕𝜎𝜎1 > 0
⎢
𝜕𝜕𝜖𝜖2
⎢𝑆𝑆21 = 𝜕𝜕𝜎𝜎1 > 0
⎢
𝜕𝜕𝜖𝜖3
𝑆𝑆
=
<0
31
⎣
𝜕𝜕𝜎𝜎1

𝜕𝜕𝜖𝜖

𝑆𝑆12 = 𝜕𝜕𝜎𝜎1 > 0
2

𝜕𝜕𝜖𝜖2

𝑆𝑆22 = 𝜕𝜕𝜎𝜎
𝜕𝜕𝜖𝜖

2

𝑆𝑆32 = 𝜕𝜕𝜎𝜎3

2

𝜕𝜕𝜖𝜖

𝑆𝑆13 = 𝜕𝜕𝜎𝜎1 < 0⎤
3
⎥
𝜕𝜕𝜖𝜖2
> 0 𝑆𝑆23 = 𝜕𝜕𝜎𝜎 < 0⎥
3
⎥
𝜕𝜕𝜖𝜖3
< 0 𝑆𝑆33 = 𝜕𝜕𝜎𝜎 > 0⎦
3

22

The 𝑆𝑆𝑖𝑖𝑖𝑖 relationships in Eqn. 22 clearly show that the SnSe crystal behaves like a

semi-compressible parallelepiped with two coupled ac and bc planes (coupled a and b
axes). For example, looking at the first column in Eqn. 22, if SnSe is compressed along the
a- direction, it will expand along the c-direction and shrink along the a- and b-directions.
This behavior arises from the anisotropy in the bond elasticity between atoms along
different crystallographic directions (Figure 11a-c), which is further supported by the
temperature-dependent directional Poisson’s ratios. The directional Poisson’s ratios 𝜈𝜈𝑖𝑖𝑖𝑖 =
𝑆𝑆

− 𝑆𝑆𝑖𝑖𝑖𝑖 , defined as the ratio of lateral contraction along jth direction to longitudinal extension
𝑖𝑖𝑖𝑖

along ith direction, are derived from the elastic compliance constants, and their temperature
dependencies are shown in Figure 11d.
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The negative values of 𝜈𝜈𝑎𝑎𝑎𝑎 (and 𝜈𝜈𝑏𝑏𝑏𝑏 ) imply expansion of the lattice along b- (a-)

direction due the applied strain along a- (b-) direction. The lattice compresses along the cdirection with the applied strain along a- (or b-) direction consistent with the above
explanation.

Figure 12: Temperature-dependent crystal expansion. Temperature-dependent (a)
thermal expansion coefficients obtained from the temperature dependent XRD
reported in [177], and (b) the axial Grüneisen parameters of SnSe from the thermal
expansion coefficients and RUS data (see Eqns. 24-26) [9].
The components of the elastic compliance tensor 𝑆𝑆𝑖𝑖𝑖𝑖 are also related to the thermal

expansion coefficients (TECs) 𝛼𝛼𝑙𝑙 of the anisotropic SnSe crystal within the quasiharmonic
approximation as follows [181]:
𝛼𝛼𝑙𝑙 =

𝐶𝐶𝑉𝑉
𝑉𝑉0

∑𝑘𝑘 𝑆𝑆𝑙𝑙𝑙𝑙 𝛾𝛾𝑘𝑘 ,

23

where, 𝛾𝛾𝑘𝑘 are the Grüneisen parameters that provide a quantitative link between the

thermal and mechanical parameters of solids [205].
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Figure 12a shows the temperature dependence of the TECs along the three
crystallographic directions calculated using the temperature-dependent lattice constants
from [177], where the volumetric TEC, 𝛼𝛼𝑉𝑉 can be obtained by 𝛼𝛼𝑉𝑉 = 𝛼𝛼1 + 𝛼𝛼2 + 𝛼𝛼3 . The
TECs along the a- and b- directions (𝛼𝛼1 , 𝛼𝛼2 ) are positive and increase with temperature
while the TEC along the c-direction (𝛼𝛼3 ) is negative across the entire temperature range,
reaching a very high value of ~ −12 × 105 𝐾𝐾 −1 at 773 K.

The thermal expansion of a solid is mainly determined by two factors: a strain-

dependent entropy producing thermal pressure quantified by the Grüneisen parameter 𝛾𝛾𝑘𝑘

and the elastic response to that thermal pressure measured by the material compressibility,
K defined by 𝐾𝐾𝑖𝑖 = ∑3𝑘𝑘=1 𝑆𝑆𝑖𝑖𝑖𝑖 [206,207]. When considering the thermodynamics and

structural change of the SnSe crystal, 𝛾𝛾𝑘𝑘 is often used to estimate the strength of the lattice
anharmonicity as it is a direct measure of the relationship between the phonon frequency

and crystal volume change. Using these experimentally determined 𝛼𝛼𝑙𝑙 values [177]

(Figure 12a), we obtained the temperature-dependent 𝛾𝛾𝑘𝑘 using the relation
𝑉𝑉0

𝐶𝐶𝑉𝑉

𝛾𝛾𝑘𝑘 =

∑𝑙𝑙 𝐶𝐶𝑘𝑘𝑘𝑘 𝛼𝛼𝑙𝑙 , and the results are plotted in Figure 12b. Contrary to the expectation of

negative Grüneisen parameters, we see that 𝛾𝛾1 and 𝛾𝛾2 are positive from room temperature

until the phase transition, while 𝛾𝛾3 is positive between 300 - 725 K and becomes negative

close to the phase transition. The cross-over of 𝛾𝛾3 from a positive value to a negative value
above 725 K is attributed to i) the fact that quasiharmonic approximation (because of a lack
of anharmonic model) is involved in Eqns. 24-26 while the actual crystal system becomes
strongly anharmonic at temperatures nearing Tc, and to some extent ii) the uncertainty
involved in the measurement of elastic constants at higher temperatures. A slight decrease
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in 𝛾𝛾2 can also be seen above 650 K and can be attributed to the two shortcomings described
above. Equation 27 can be expanded as:
𝛼𝛼1 =

𝛼𝛼2 =
𝛼𝛼3 =

𝐶𝐶𝑉𝑉
𝑉𝑉0

𝐶𝐶𝑉𝑉
𝑉𝑉0

𝐶𝐶𝑉𝑉
𝑉𝑉0

[𝑆𝑆11 𝛾𝛾1 + 𝑆𝑆12 𝛾𝛾2 + 𝑆𝑆13 𝛾𝛾3 ] > 0 ,

24

[𝑆𝑆12 𝛾𝛾1 + 𝑆𝑆22 𝛾𝛾2 + 𝑆𝑆23 𝛾𝛾3 ] > 0 ,

25

[𝑆𝑆13 𝛾𝛾1 + 𝑆𝑆23 𝛾𝛾2 + 𝑆𝑆33 𝛾𝛾3 ] < 0 .

26

It is noteworthy that Eqns. 24 & 25 both contain one negative term (i.e., S13 and S23,

respectively), whereas Eqn. 26 contains both S13 and S23. The negative values of S13 and
S23 directly result in the large negative TEC along the c-direction, and consequently
observed NTE along the c-direction. The NTE brings the Sn and Se atoms closer together,
which leads to a stiffening of the bonds between the Sn and Se atoms. Thus, bond stiffening
along the c-direction explains both the unusual increase in 𝐶𝐶33 (which is defined as the
amount of stress developed along the c-direction due to a unit strain along the c-direction,
𝜕𝜕𝜎𝜎

i.e., 𝐶𝐶33 = 𝜕𝜕𝜖𝜖 3) and the axial bulk modulus Bc with increasing temperature. This result
3

confirms that the negative thermal expansion can be achieved even with positive Grüneisen
parameters, which has been reported in previous theoretical studies [181,182].

3.3 Conclusions
The nine independent elastic constants of SnSe, a low symmetry crystal structure,
were measured using RUS in the temperature range ~300-800 K at the University of
Mississippi. The anisotropy in the elastic properties is clearly evident in the marked
decrease of the shear constants with increasing temperature as well as the increase of the
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axial bulk modulus along the c-axis. These effects also result in negative Poisson’s ratios
and a large linear negative thermal expansion coefficient along the c-direction of the SnSe
crystal. Furthermore, the temperature-dependent Grüneisen parameters were found to be
positive along all crystal directions. Collectively, the RUS measurements explain the origin
of NTE in SnSe and emphasize the role of elastic anisotropy in the properties of this unique
material.
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CHAPTER FOUR
TOOLS FOR MEASURING ANHARMONICITY
4.1 Inelastic neutron scattering
Anharmonic effects can be measured experimentally through the phonon dispersion
relation of the material. Inelastic Neutron Scattering (INS) is a very useful technique
wherein a crystalline material is exposed to high-energy neutrons along various
crystallographic axes. The neutrons undergo inelastic scattering as they are transmitted
through the material, and a map of the scattering function 𝑆𝑆(𝑄𝑄, 𝐸𝐸) yields the phonon

dispersion relation of the material.

Among the highly studied binary chalcogenides in the medium temperature range,
the doped PbTe was shown to possess a very low thermal conductivity (~2 Wm−1K−1 at
300 K), high Seebeck coefficient, and good electrical conductivity, leading to a high ZT of
~1.5 at 773 K [49]. Although PbTe crystallizes in a rock salt structure, a simple highsymmetry structure not associated with low thermal conductivity, detailed INS maps

collected along several crystallographic axes of PbTe single crystals revealed the strong
lattice anharmonicity [165] as the origin for the low thermal conductivity. Specifically, this
study revealed the signature of a very strong and extended anharmonic coupling between
longitudinal acoustic (LA) and transverse optic (TO) phonons [165]. This coupling led to
an avoided-crossing behavior [cf. Figure 13b] in the phonon dispersion, as well as an
anomalous lowering and damping of the LA phonons. The avoided-crossing behavior can
be seen clearly in the phonon dispersion curve measured by INS, as shown in Figure 13.
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Figure 13: (a) INS data for PbTe at 300 K (logarithmic intensity scale), showing the
avoided-crossing behavior of LA and TO phonon branches [165]. (b) Schematic
representation of the phonon dispersion (blue lines). The bare TO branch is shown as
a thin black line and the pink diamonds indicate the positions of the peaks in the TO
scan (from (a)) at the Γ point [165].
Anharmonic effects leading to low thermal conductivities have also been explored
using INS in other chalcogenides. Notably, a recent study on PbSe crystals [208] explored
a secondary effect of anharmonicity, i.e., while anharmonicity reduces thermal
conductivity by increasing phonon scattering rates, it can also localize vibrational energy
spatially in the form of a discrete point defect-like intrinsic localized mode (ILM).
Anharmonicity causes a change in the local interatomic forces in the vicinity of a local
amplitude fluctuation, shifting the frequency into gaps or above the cut-off in the spectrum
that exists because of the discreteness in the atomic lattice. Once the local vibration is

45

outside the bands and it no longer resonates with the normal phonons, it can persist
independently as an ILM. Hence, akin to classic impurity modes, ILMs appear as
dispersionless modes outside the phonon bands. This effect was revealed in the INS
measurement as anharmonic localization in PbSe both in the form of an ILM feature and a
transition to a flattened and fragmented TO phonon. The anharmonic localization halted
the propagation of the TO phonon, which in turn reduced the thermal conductivity.
In the search for Pb-free TE materials, chalcogenides such as InTe, SnSe, and
AgCrSe2 have emerged as promising new candidates, with SnSe exhibiting a record-high
𝑍𝑍𝑍𝑍 ∼ 2.6 at 923 K [104]. These materials also exhibit low thermal conductivities, and INS

measurements have revealed insights such as an abrupt cut-off of the acoustic phonon
branches due to (i) optical phonons related to In+ site fluctuations in InTe [209], (ii) soft
mode behavior of zone-center optical modes across the high-temperature phase transition
in single-crystalline SnSe [92,210], and (iii) enhanced acoustic phonon scattering due to
oscillations of Ag+ ions within a quasi-2D potential well in superionic AgCrSe2
crystals [211,212]. Future advances in INS instrumentation and detectors, as well as
developments in software suites for data analysis, will undoubtedly spur more studies into
understanding the effects of anharmonicity on phonons and low thermal conductivity in a
wide variety of TE materials.
INS is a very strong tool to study the spectral features of a crystal as it provides a
very wide range of momentum transfers, energy transfers, and high energy resolution.
However, all of these cannot be achieved within the same instrument at the same time. On
top of that, a non-linear relationship between energy resolution and energy transfer makes
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the analysis of INS data more challenging. Although INS provides more spectral features
at higher energies to analyze owing to the lack of selection rules, a significant momentum
transfer during the scattering process results in inherently broad spectral lines at higher
energy transfer. Raman scattering, on the other hand, provides an approximately constant
resolution over a wide spectral range with a high count rate. Furthermore, being an
essentially zero-momentum-transfer process, the Raman scattering has sharp bands even
at high energy transfer [213].
4.2 Raman spectroscopy
Anharmonicity strongly influences the phonon spectrum and can be studied
relatively easily with Raman spectroscopy [214]. The most prominent manifestations of
anharmonicity include the softening (frequency shift) and broadening (change in the fullwidth-at half-maximum height, or FWHM) of phonon modes at finite temperatures. For
single crystalline SnSe, the temperature-dependent polarized Raman spectra along
different crystallographic directions were collected with a 633 nm excitation laser in a
Renishaw Raman microscope (100x objective lens, 600 nm spot size) in the temperature
range between 77 and 870 K using Linkam heating and cooling stages (THMS600, under
a nitrogen ambient for the low-temperature measurements; THS1500, under an argon
ambient for the high-temperature measurements). The notation used for the polarized
Raman spectra in this study was as follows: 𝑎𝑎(𝑏𝑏𝑏𝑏)𝑎𝑎� (known as Porto’s notation); here, a

and 𝑎𝑎� denote the directions of the incident and scattered radiation, respectively, while b
and c indicate the electric polarization vector of the incident and scattered photons (Figure
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14). Here, a, b, and c are the primary crystallographic directions.

�) for polarized Raman scattering. Here, a is the
Figure 14: Porto’s notation (𝒂𝒂(𝒃𝒃𝒃𝒃)𝒂𝒂
� is the direction Raman scattered photon, b and c
direction of incident laser and 𝒂𝒂

are the direction of electric polarization vector of incident and scattered photons,
respectively.
4.2.1 Frequency shift in the QHA framework
The temperature dependence of the Raman frequency 𝜔𝜔𝑗𝑗 (𝑇𝑇) at a given temperature, T can

be explained in terms of the contributions arising from the quasiharmonic volume
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expansion and anharmonic phonon-phonon interaction as [215,216] as
𝜔𝜔𝑗𝑗 (𝑇𝑇) = 𝜔𝜔𝑜𝑜𝑜𝑜 + Δ𝜔𝜔𝑗𝑗 (𝑇𝑇)𝑉𝑉 + Δ𝜔𝜔𝑗𝑗 (𝑇𝑇)𝑎𝑎𝑎𝑎ℎ ,
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where 𝜔𝜔𝑜𝑜𝑜𝑜 is the temperature-independent harmonic frequency of the jth mode, and

Δ𝜔𝜔𝑗𝑗 (𝑇𝑇)𝑉𝑉 and Δ𝜔𝜔𝑗𝑗 (𝑇𝑇)𝑎𝑎𝑎𝑎ℎ are the frequency shifts corresponding to quasiharmonic volume
expansion and anharmonic phonon-phonon coupling, respectively. From the definition of
the Grüneisen parameter, the contribution of the quasiharmonic volume expansion to the
frequency shift is given by [217]
𝑇𝑇

Δ𝜔𝜔𝑗𝑗 (𝑇𝑇)𝑉𝑉 = 𝜔𝜔𝑜𝑜𝑜𝑜 [exp �−𝛾𝛾𝑗𝑗𝑗𝑗 ∫0 𝛽𝛽𝑇𝑇 (𝑇𝑇 ′ )𝑑𝑑𝑇𝑇 ′ � − 1] .

28

4.2.2 Three- and Four-Phonon Decay Processes
Experimental and theoretical studies on SnSe single crystals suggested that the poor
heat transport originates from the strong anharmonicity associated with an unstable
electronic structure and the condensation of a low-energy optical phonon mode at the zone
center [92,218,219]. It is well known that an optical phonon can decay into two or more
optical or acoustic phonons. The simplest mechanism for such decay was first proposed by
Klemens [220] and extended by Balkanski [221], wherein the optical phonon decays into
either two or three acoustic phonons with equal energies. The shift in the phonon frequency
due to anharmonic phonon-phonon interaction is given by Eqn. 29, wherein a phonon with
frequency 𝜔𝜔 decays into two and three phonons through three- and four-phonon processes,
respectively [217,221].
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1

1

Δ𝜔𝜔𝑗𝑗 (𝑇𝑇)𝑎𝑎𝑎𝑎ℎ = 𝐴𝐴 �1 + ∑2𝑚𝑚=1 𝑒𝑒 ℏ𝜔𝜔𝑚𝑚⁄𝑘𝑘𝐵𝐵𝑇𝑇 −1� + 𝐵𝐵 �1 + ∑3𝑛𝑛=1 �𝑒𝑒 ℏ𝜔𝜔𝑛𝑛⁄𝑘𝑘𝐵𝐵 𝑇𝑇 −1 +
1

2
�𝑒𝑒 ℏ𝜔𝜔𝑛𝑛 ⁄𝑘𝑘𝐵𝐵 𝑇𝑇 −1�
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��

In Eqn. 29, the terms inside the square brackets represent the Bose−Einstein phonon

population factor at a given temperature T [217]. The coefficients A and B are fitting
parameters proportional to the strength of the three- and four-phonon decay processes,
respectively [217]. In other words, A and B are constants related to the probability of threeand four-phonon events occurring [222,223] and depend on the details of the phonon
dispersion curve [224–226]. Hence, A multiplied by the terms inside the first bracket gives
the three-phonon contribution to the phonon frequency shift, and B multiplied by the terms
inside the second square bracket gives the four-phonon contribution to the total frequency
shifts. Although there exist more rigorous ways of calculating the contributions of the
phonon-phonon interactions to the total frequency shifts [227–230], they are limited to the
simple crystals because of their complexity and computationally costly nature.
Nonetheless, this simple model based on Klemens approach has been successfully used in
various simple as well as complex material systems [217,222–226]. In this work, our
analysis of the temperature dependent polarized Raman spectroscopy of the two
chalcogenides using Eqn. 29 indicate a predominance of the 3-phonon interaction in SnSe
and the 4-phonon interaction in GeTe. These findings have been justified from both the
phonon dispersion relation (i.e., the gap between acoustic and optical phonons at the zone
center), and the temperature dependence of the lattice thermal conductivity of both the
compounds, which will be discussed in more detail in CHAPTER FIVE.
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4.3 Heat capacity and anharmonic coefficients
In the QHA, the phonon frequencies 𝜔𝜔(𝑉𝑉) depend solely on volume. The

temperature-dependent lattice dynamics are still approximated by the normal harmonic
modes with phonon frequencies shifted due to the thermal expansion.
For strongly anharmonic crystals such as SnSe, in addition to 𝐹𝐹 𝑞𝑞ℎ (𝑇𝑇, 𝑉𝑉) (cf. Eqn.

5), the total free energy 𝐹𝐹(𝑇𝑇, 𝑉𝑉) must include other contributions arising from the threephonon and four-phonon processes, viz., 𝐹𝐹3 (𝑇𝑇, 𝑉𝑉) and 𝐹𝐹4 (𝑇𝑇, 𝑉𝑉) respectively, collectively

termed as ∆𝐹𝐹 𝑎𝑎𝑎𝑎ℎ (𝑇𝑇, 𝑉𝑉). Thus, the total free energy of an anharmonic system is given by
𝐹𝐹(𝑇𝑇, 𝑉𝑉) = 𝐹𝐹 𝑞𝑞ℎ (𝑇𝑇, 𝑉𝑉) + ∆𝐹𝐹 𝑎𝑎𝑎𝑎ℎ (𝑇𝑇, 𝑉𝑉) = 𝐹𝐹 𝑞𝑞ℎ (𝑇𝑇, 𝑉𝑉) + 𝐹𝐹3 (𝑇𝑇, 𝑉𝑉) + 𝐹𝐹4 (𝑇𝑇, 𝑉𝑉) ,
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where ∆𝐹𝐹 𝑎𝑎𝑎𝑎ℎ (𝑇𝑇, 𝑉𝑉) is the explicit anharmonic contribution to the free energy, and directly

related to the crystal potential energy of higher than second-order terms in the atomic
displacements. Hence, ∆𝐹𝐹 𝑎𝑎𝑎𝑎ℎ can be considered as a perturbation term that has been
approximated as
∆𝐹𝐹𝑎𝑎𝑎𝑎ℎ (𝑇𝑇,𝑉𝑉)
3𝑛𝑛′𝑘𝑘𝐵𝐵

1

1
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= − 2 𝛼𝛼′𝑇𝑇 2 − 3 𝛽𝛽′𝑇𝑇 3 ,

where 𝛼𝛼′ and 𝛽𝛽′ are the anharmonic coefficients, 𝑛𝑛′ is the number of atoms per mole (which

is 2NA for SnSe). The anharmonic contributions to thermodynamic parameters such as the
entropy ( ∆𝑆𝑆 𝑎𝑎𝑎𝑎ℎ ) and heat capacity ( ∆𝐶𝐶 𝑎𝑎𝑎𝑎ℎ ) can also be estimated from ∆𝐹𝐹 𝑎𝑎𝑎𝑎ℎ as given
by Eqns. (32)and (33) as
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∆𝑆𝑆 𝑎𝑎𝑎𝑎ℎ (𝑇𝑇,𝑉𝑉)
3𝑛𝑛′𝑘𝑘𝐵𝐵

∆𝐶𝐶 𝑎𝑎𝑎𝑎ℎ
3𝑛𝑛′𝑘𝑘𝐵𝐵

𝜕𝜕

= − 𝜕𝜕𝜕𝜕 �
𝜕𝜕2

= −𝑇𝑇 𝜕𝜕𝑇𝑇 2 �

∆𝐹𝐹𝑎𝑎𝑎𝑎ℎ (𝑇𝑇,𝑉𝑉)

� = 𝛼𝛼′𝑇𝑇 + 𝛽𝛽′𝑇𝑇 2 ≈ 𝛼𝛼′𝑇𝑇 ,
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� = 𝛼𝛼′𝑇𝑇 + 2𝛽𝛽′𝑇𝑇 2 ≈ 𝛼𝛼′𝑇𝑇 .
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3𝑛𝑛′𝑘𝑘𝐵𝐵

∆𝐹𝐹𝑎𝑎𝑎𝑎ℎ (𝑇𝑇,𝑉𝑉)
3𝑛𝑛′𝑘𝑘𝐵𝐵

In the high-temperature limit,

ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)
𝑘𝑘𝐵𝐵 𝑇𝑇

𝑆𝑆 𝑞𝑞ℎ (𝑇𝑇, 𝑉𝑉) = 𝑘𝑘𝐵𝐵 ∑𝜈𝜈 ∑𝒒𝒒 �1 − 𝑙𝑙𝑙𝑙 �

≪ 1, keeping first-order terms in

ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)
𝑘𝑘𝐵𝐵 𝑇𝑇

ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)
𝑘𝑘𝐵𝐵 𝑇𝑇

�� .

,
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Now, considering the explicit anharmonic contribution to frequency shifts,

𝜔𝜔𝜈𝜈 (𝒒𝒒) = 𝜔𝜔𝜈𝜈𝑞𝑞ℎ (𝒒𝒒) + Δ𝜔𝜔𝜈𝜈𝑎𝑎𝑎𝑎ℎ (𝒒𝒒) = 𝜔𝜔𝜈𝜈𝑞𝑞ℎ (𝒒𝒒) �1 +

Δ𝜔𝜔𝜈𝜈𝑎𝑎𝑎𝑎ℎ (𝒒𝒒)
𝑞𝑞ℎ
𝜔𝜔𝜈𝜈 (𝒒𝒒)

�.

Substituting 𝜔𝜔𝜈𝜈 (𝒒𝒒) in Eqn. (34), the total entropy can be written as
𝑆𝑆(𝑇𝑇, 𝑉𝑉) = 𝑘𝑘𝐵𝐵 ∑𝜈𝜈 ∑𝒒𝒒 �1 − 𝑙𝑙𝑙𝑙 �

or,

𝑞𝑞ℎ
ℏ𝜔𝜔𝜈𝜈 (𝒒𝒒)

𝑘𝑘𝐵𝐵 𝑇𝑇

�1 +

𝑆𝑆(𝑇𝑇, 𝑉𝑉) = 𝑆𝑆 𝑞𝑞ℎ (𝑇𝑇, 𝑉𝑉) − 𝑘𝑘𝐵𝐵 ∑𝜈𝜈 ∑𝒒𝒒 𝑙𝑙𝑙𝑙 �1 +

35

Δ𝜔𝜔𝜈𝜈𝑎𝑎𝑎𝑎ℎ (𝒒𝒒)

��� ,
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Δ𝜔𝜔𝜈𝜈𝑎𝑎𝑎𝑎ℎ (𝒒𝒒)

�.
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𝑞𝑞ℎ
𝜔𝜔𝜈𝜈 (𝒒𝒒)

𝑞𝑞ℎ
𝜔𝜔𝜈𝜈 (𝒒𝒒)

Equation 37 gives the explicit anharmonic contribution to entropy and approximating up
to the first order in

Δ𝜔𝜔𝜈𝜈𝑎𝑎𝑎𝑎ℎ (𝒒𝒒)
𝑞𝑞ℎ
𝜔𝜔𝜈𝜈 (𝒒𝒒)

,

∆𝑆𝑆 𝑎𝑎𝑎𝑎ℎ (𝑇𝑇, 𝑉𝑉) = 𝑆𝑆(𝑇𝑇, 𝑉𝑉) − 𝑆𝑆 𝑞𝑞ℎ (𝑇𝑇, 𝑉𝑉),
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∆𝑆𝑆 𝑎𝑎𝑎𝑎ℎ (𝑇𝑇, 𝑉𝑉) = −𝑘𝑘𝐵𝐵 ∑𝜈𝜈 ∑𝒒𝒒 𝑙𝑙𝑙𝑙 �1 +

Δ𝜔𝜔𝜈𝜈𝑎𝑎𝑎𝑎ℎ (𝒒𝒒)
𝑞𝑞ℎ
𝜔𝜔𝜈𝜈 (𝒒𝒒)

� = −𝑘𝑘𝐵𝐵 ∑𝜈𝜈 ∑𝒒𝒒

Δ𝜔𝜔𝜈𝜈𝑎𝑎𝑎𝑎ℎ (𝒒𝒒)
𝑞𝑞ℎ
𝜔𝜔𝜈𝜈 (𝒒𝒒)

.
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Considering all shifts in frequency due to anharmonicity to be identical,
∆𝑆𝑆 𝑎𝑎𝑎𝑎ℎ (𝑇𝑇,𝑉𝑉)
3𝑛𝑛′𝑘𝑘𝐵𝐵

=−

Δ𝜔𝜔𝜈𝜈𝑎𝑎𝑎𝑎ℎ (𝒒𝒒)
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𝑞𝑞ℎ
𝜔𝜔𝜈𝜈 (𝒒𝒒)

Comparing Eqns. 32 and 39, it follows that
∆𝜔𝜔

� 𝜔𝜔 �

𝑎𝑎𝑎𝑎ℎ

= −𝛼𝛼′𝑇𝑇 .

40

Equation 40 is valid in the high-temperature regime, which Barron extended to the

low-temperature regime for a relationship between the anharmonic shifts and vibrational
or thermal energy (ET) [231] as
∆𝜔𝜔

� 𝜔𝜔 �

𝑎𝑎𝑎𝑎ℎ

𝛼𝛼′

= − 3𝑛𝑛′𝑘𝑘 𝐸𝐸𝑇𝑇 .

41

𝐵𝐵

Hence, the total frequency shifts of the normal modes, which also include the
∆𝜔𝜔

contribution of phonon frequency shifts arising from volume expansion � 𝜔𝜔 𝑗𝑗� of each
𝑗𝑗

mode can be expressed as
∆𝜔𝜔𝑗𝑗

�

𝜔𝜔𝑗𝑗

�=�

∆𝜔𝜔𝑗𝑗
𝜔𝜔𝑗𝑗

∆𝜔𝜔

� + � 𝑗𝑗�
𝜔𝜔
𝑉𝑉

𝑗𝑗

𝑎𝑎𝑎𝑎ℎ

∆𝑉𝑉

𝛼𝛼′

𝑅𝑅,𝑗𝑗
= −𝛾𝛾 � 𝑉𝑉 � − 3𝑛𝑛′𝑘𝑘
𝐸𝐸𝑇𝑇
𝐵𝐵

𝑉𝑉

42

Equation 42 has a similar form as Eqn. 27. We define 𝛼𝛼′𝑅𝑅,𝑗𝑗 as the anharmonicity

coefficient related to each Raman mode, 𝑘𝑘𝐵𝐵 the Boltzmann constant and 𝛾𝛾 the Grüneisen
parameter. Rearranging Eqn. 42,
𝛼𝛼′𝑅𝑅,𝑗𝑗 = −

3𝑛𝑛′𝑘𝑘𝐵𝐵
𝐸𝐸𝑇𝑇

∆𝑉𝑉

∆𝜔𝜔

�𝛾𝛾 � 𝑉𝑉 � + � 𝜔𝜔 𝑗𝑗�� .

43

𝑗𝑗

In CHAPTER FIVE, I will compare anharmonic coefficients obtained from Raman

spectroscopy and heat capacity measurements for SnSe.
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4.4 Anharmonic contributions to thermal conductivity
For a perfect single crystal or a well-ordered polycrystal, the signature temperaturedependent 𝜅𝜅𝐿𝐿 exhibits a well-defined peak at low temperatures, and the different scattering

−1
mechanisms can be represented by phonon relaxation times (𝜏𝜏𝑝𝑝ℎ
) (cf. Figure 4). In the

Debye model using relaxation time approximation, 𝜅𝜅𝐿𝐿 is defined by a phenomenological
model given by Callaway [232,233] as represented by
𝑘𝑘

𝑘𝑘𝐵𝐵 𝑇𝑇 3 Θ𝐷𝐷 ⁄𝑇𝑇
𝑥𝑥 4 𝑒𝑒 𝑥𝑥
)
𝑑𝑑𝑑𝑑
∫
−1
0
ℏ
𝜏𝜏𝑝𝑝ℎ (𝑒𝑒 𝑥𝑥 −1)2
𝑠𝑠

𝜅𝜅𝐿𝐿 (𝑥𝑥) = 2𝜋𝜋2𝐵𝐵𝑣𝑣 (

,
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where 𝑥𝑥 = ℏ𝜔𝜔⁄𝑘𝑘𝐵𝐵 𝑇𝑇 is the reduced phonon frequency, 𝜔𝜔 is the phonon frequency, ℏ is the
reduced Planck constant, 𝑘𝑘𝐵𝐵 is the Boltzmann constant, and 𝑇𝑇 is the absolute temperature.

−1
−1
The total relaxation time (𝜏𝜏𝑝𝑝ℎ ) is given by, 𝜏𝜏𝑝𝑝ℎ
= 𝜏𝜏𝑃𝑃𝑃𝑃
+ 𝜏𝜏𝑈𝑈−1 + 𝜏𝜏𝐵𝐵−1 consisting of phonon

−1
scattering by point defects (𝜏𝜏𝑃𝑃𝑃𝑃
= 𝐴𝐴′𝜔𝜔4 , 𝐴𝐴′ is a point defect scattering parameter), the

anharmonic phonon-phonon or Umklapp (U) scattering (𝜏𝜏𝑈𝑈−1 = 𝐵𝐵′𝜔𝜔2 𝑇𝑇𝑒𝑒 Θ𝐷𝐷⁄3𝑇𝑇 , 𝐵𝐵′ is the
Umklapp scattering) and the phonon-boundary scattering (𝜏𝜏𝐵𝐵−1 = 𝑣𝑣𝑠𝑠 ⁄𝐿𝐿, 𝐿𝐿 is the single

crystal dimension or polycrystalline grain size), respectively. Recently, Snyder et al. [234]
pointed out that in polycrystals, the frequency-independent grain boundary scattering can
be replaced by Klemens frequency-dependent dislocation strain model [235].
At higher temperatures (𝑇𝑇 > Θ𝐷𝐷 ) 𝜅𝜅𝐿𝐿 can be described by a modified Callaway’s

model [232] as suggested by Slack and Glassbrenner [134] as
𝑘𝑘

𝜅𝜅𝐿𝐿 = 2𝜋𝜋2𝐵𝐵𝑣𝑣 �
𝑠𝑠

𝑘𝑘𝐵𝐵 𝑇𝑇 3
ℏ

Θ𝐷𝐷 ⁄𝑇𝑇

� ∫0
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𝜏𝜏𝑝𝑝ℎ 𝑥𝑥 2 𝑑𝑑𝑑𝑑 .
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Now, 𝜏𝜏𝑝𝑝ℎ −1 = ∑𝑖𝑖 𝜏𝜏𝑖𝑖−1 = 𝜏𝜏𝑃𝑃𝑃𝑃 −1 + 𝜏𝜏𝑈𝑈
𝐵𝐵𝐻𝐻 𝑇𝑇 2 �𝜔𝜔2 +

𝑣𝑣𝑠𝑠
𝐿𝐿

−1

+ 𝜏𝜏𝐻𝐻 −1 + 𝜏𝜏𝐵𝐵 −1 + ⋯ = 𝐴𝐴′𝜔𝜔4 + �𝐵𝐵𝑈𝑈 𝑇𝑇𝑒𝑒 −Θ𝐷𝐷/3𝑇𝑇 +

+ ⋯ is the combined phonon relaxation time, assuming that the phonon

scattering effects are additive following Matthiessen’s rule. Here, 𝐵𝐵𝑈𝑈 and 𝐵𝐵𝐻𝐻 are the

scattering parameters for the Umklapp (three-phonon) and higher-order four-phonon
scattering processes, respectively.

Recently, Feng et al. [236] developed a formalism within the anharmonic lattice
dynamics framework by extending the existing model by Maradudin et al. [237] to
explicitly determine the quantum mechanical scattering probability matrices for fourphonon scattering in the full Brillouin zone, leading to direct and rigorous calculation of
four-phonon scattering rates. This approach had several superior features over previous
models developed within the MD [238] and normal mode analysis (NMA) [238]
framework for studying four-phonon scattering rates, which either provided only a
qualitative interpretation of the experimental data [238] or were unable to distinguish threephonon and higher-order phonon processes without providing the scattering probability for
each scattering process [238]. Adopting this formalism, Feng et al. investigated the fourphonon scattering rates fully from first principles solution of Boltzmann transport equation
(BTE) instead of classical force constants to elucidate the thermal conductivity and optical
phonon lifetimes of boron arsenide BAs, silicon (Si), and diamond [236].
The thermal conductivity within the relaxation time approximation (RTA) of BTE,
including both three-phonon and four-phonon scattering, is given by
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1

1

1

𝑅𝑅𝑅𝑅𝑅𝑅
2
𝜅𝜅3+4,𝑧𝑧
= 𝑉𝑉 ∑𝜔𝜔 𝑣𝑣𝑧𝑧,𝜔𝜔
𝑐𝑐𝜔𝜔 �𝜏𝜏𝑅𝑅𝑅𝑅𝑅𝑅 + 𝜏𝜏𝑅𝑅𝑅𝑅𝑅𝑅�
3,𝜔𝜔

4,𝜔𝜔

−1
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where 𝜔𝜔 stands for the phonon mode (q, j), with j labeling the phonon dispersion branch.

V is crystal volume, vz is phonon group velocity along the transport direction z, and 𝑐𝑐𝜔𝜔 is
phonon specific heat per mode,

1

𝑅𝑅𝑅𝑅𝑅𝑅
𝜏𝜏3,𝜔𝜔

and

1

𝑅𝑅𝑅𝑅𝑅𝑅
𝜏𝜏4,𝜔𝜔

are the three- and four-phonon scattering

rates, respectively. These scattering rates are calculated by summing the probabilities of all
the possible scattering events governed by Fermi’s golden rule. Each of these scattering
rates involves terms such as Kronecker deltas △𝒒𝒒+𝒒𝒒1+𝒒𝒒2,𝑹𝑹 and △𝒒𝒒+𝒒𝒒1+𝒒𝒒2+𝒒𝒒3,𝑹𝑹 and delta

functions 𝛿𝛿(𝜔𝜔 ± 𝜔𝜔1 − 𝜔𝜔2 ) and 𝛿𝛿(𝜔𝜔 ± 𝜔𝜔1 ± 𝜔𝜔2 − 𝜔𝜔3 ) to describe the momentum and
energy selection rules with the property that △𝑚𝑚,𝑛𝑛 = 1 (if 𝑚𝑚 = 𝑛𝑛), or 0 (if 𝑚𝑚 ≠ 𝑛𝑛). These

selection rules require the availability of phonon modes within the phonon band structure
that can undergo different scattering scenarios without violating the energy and momentum
conservation. A dearth of phonon modes that satisfy both momentum and energy
conservation in crystals with large phonon gaps for a minimal three-phonon decay, i.e., a
large gap in the phonon dispersion between the acoustic and optical phonon energies,
necessitates a four-phonon decay or recombination [236].
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CHAPTER FIVE
PROBING ANHARMONICITY IN SINGLE CRYSTALLINE SnSe AND GeTe
5.1 Anharmonic coefficients in SnSe from Raman spectroscopy and heat capacity
5.1.1 Temperature-dependent polarized Raman spectroscopy of single-crystalline SnSe
Bulk SnSe has a simple orthorhombic structure in the D2h point group with 8 atoms
per unit cell. Its 21 vibrational modes [239] can be represented as Γ = 4𝐴𝐴𝑔𝑔 + 2𝐵𝐵1𝑔𝑔 +
4𝐵𝐵2𝑔𝑔 + 2𝐵𝐵3𝑔𝑔 + 2𝐴𝐴𝑢𝑢 + 3𝐵𝐵1𝑢𝑢 + 𝐵𝐵2𝑢𝑢 + 3𝐵𝐵3𝑢𝑢 (see character table in APPENDIX B).

Specifically, they are 12 Raman-active, 7 IR-active and 2 inactive modes. Among the 12
Raman-active modes, 4 𝐵𝐵2𝑔𝑔 modes are difficult to detect due to their weak Raman tensors.

Furthermore, 2 𝐵𝐵1𝑔𝑔 modes (∼57 and ∼133 cm−1) are only observable under the 𝑐𝑐(𝑎𝑎𝑎𝑎)𝑐𝑐̅

polarization configuration. Accordingly, in this study we focused on the 4 Raman-active
phonons [204,240] between 70 and 150 cm−1 (cf. Figure 15). The 2 lowest-frequency
phonons (𝐴𝐴𝑔𝑔0 ∼ 33 cm−1 and 𝐵𝐵3𝑔𝑔 ∼ 37 cm−1) are difficult to resolve owing to the increasing

spectral background below 40 cm−1 at high temperatures. A freshly cleaved surface

Figure 15: Atomic displacements for the Raman modes [240] in orthorhombic SnSe
below 𝑻𝑻𝑪𝑪 .
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(parallel to the a plane) was used for the Raman measurement and polarized Raman spectra
were collected with the incident light along the a direction (perpendicular to the cleavage
plane) and polarized along the b or c directions (viz., Figure 14).
The temperature-dependent Raman spectra under the cross 𝑎𝑎(𝑏𝑏𝑏𝑏)𝑎𝑎� and parallel

𝑎𝑎(𝑏𝑏𝑏𝑏)𝑎𝑎�

polarization configurations are shown in Figure 16a and Figure 16b,

Figure 16: Temperature-dependent polarized Raman spectra collected by our
collaborator at AFRL from the (a) B3g mode, and (b) Ag1 (70 cm−1), Ag2(130 cm−1), and
Ag3(150 cm−1) modes under the cross and parallel polarization configurations,
respectively [8].
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respectively. Figure 17a and Figure 17b show the fits to the 𝐵𝐵3𝑔𝑔 and 𝐴𝐴𝑔𝑔2 peak frequencies

that soften with temperature, respectively. Note that the 𝐵𝐵3𝑔𝑔 and 𝐴𝐴𝑔𝑔2 phonons correspond

to vibrations along the b-c plane of the SnSe lattice. The contributions from thermal

Figure 17: Anharmonic contribution to the Raman peak frequency and linewidth of
(a, c) the B3g mode and (b, d) the Ag2 mode below the phase transition temperature.
The three-phonon, four-phonon, and thermal- expansion contributions are shown as
blue, green, and magenta traces, respectively. Data extracted from Figure 16 and
modeled jointly with Dr. Fengjiao Liu [8].
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expansion [Eqn. 28], three-phonon (cubic) and four-phonon (quartic) decays [Eqn. 29] are
plotted along with the composite fit [Eqn. 27]. Owing to the discontinuity in peak
frequencies around the phase transition temperature (𝑇𝑇𝐶𝐶 ~800 K above which SnSe
transitions from the Pnma to Cmcm phase), the temperature-dependent frequencies and

linewidths were fitted below 800 K. The composite fit shows excellent agreement with the
experimental data across the entire measured temperature range. Importantly, the
contribution from the cubic decay process (blue dashed line) is closer to the experimental
data, suggesting that it is the dominant mechanism compared to volume expansion (pink
dashed line) and quartic decay (green dashed line). The pronounced softening also implies
that the phonons in the b-c plane are involved in the phase transition from the Pnma to the
Cmcm phase. This finding agrees with the previous observation of soft-mode behavior of
the 𝐴𝐴𝑔𝑔0 phonon (which also corresponds to lattice vibrations in the b-c plane) from INS
experiments [92].

The procedure for fitting the temperature dependence of Raman modes is similar
to the one employed in GeTe, which will be discussed in detail later. The fits (cf. Figure
17) revealed that phonon scattering in SnSe is dominated by a three-phonon decay process
rather than volume expansion or a quartic decay process.
5.1.2 Temperature-dependent heat capacity in single-crystalline SnSe
As an independent verification of the above Raman analysis, the phonon
anharmonicity contribution to heat capacity was estimated in terms of the “anharmonic
coefficient” 𝛼𝛼′ deduced independently from two different approaches, i) shifts in the
Raman peak frequencies, (𝛼𝛼′𝑅𝑅 ) and ii) heat capacity (𝛼𝛼′𝐶𝐶 ) as discussed below.
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As evident in Figure 18, the measured Cp of SnSe is higher than the Dulong-Petit
limit ∼ 49.9 J mol−1 K−1 in the temperature range from 300 to 700 K, signifying a strong

anharmonic behavior. In addition to this, SnSe exhibits a characteristic lambda-shaped Cp
peak at 𝑇𝑇𝐶𝐶 ≈ 800 K corresponding to second-order phase transition (cf. Figure 3c in

reference [177]). Additionally, there may be some electronic contribution to Cp above 600

K. Cp below 700 K is calculated as [103,241,242]
2

𝐶𝐶𝑝𝑝 = 𝐶𝐶𝑣𝑣 + 𝑉𝑉𝛽𝛽 𝐵𝐵𝑇𝑇 𝑇𝑇 + 𝐶𝐶

𝑎𝑎𝑎𝑎ℎ

2

= 𝐶𝐶𝑣𝑣 + 𝑉𝑉𝛽𝛽 𝐵𝐵𝑇𝑇 𝑇𝑇 + 3𝑛𝑛𝑘𝑘𝐵𝐵 𝛼𝛼′𝐶𝐶 𝑇𝑇 .
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In Eqn. 47, 𝐶𝐶𝑣𝑣 = 𝛽𝛽𝛽𝛽𝐵𝐵𝑇𝑇 𝛾𝛾 [91,243] is the heat capacity at constant volume with the

bulk modulus 𝐵𝐵𝑇𝑇 , the molar volume of the crystal V, the volume thermal expansion

coefficient 𝛽𝛽, and the Grüneisen parameter 𝛾𝛾, and 𝐶𝐶 𝑎𝑎𝑎𝑎ℎ (cf. Eqn. 33). The temperature-

dependent 𝐵𝐵𝑇𝑇 of SnSe is shown in the inset of Figure 18. With increasing temperature

from 300 to ∼800 K, the data were fitted by the empirical Varshini function [9,10,194]
(𝐵𝐵𝑇𝑇 = 𝐵𝐵𝑇𝑇0 −

𝑊𝑊
),
𝑈𝑈
�𝐸𝐸𝐸𝐸𝐸𝐸� �𝑇𝑇� −1�

with 𝐵𝐵𝑇𝑇0 = 23.09 GPa, 𝑊𝑊 = 23.45 GPa, and 𝑈𝑈 = 2077.75 K

used to model the normal temperature dependence of elastic moduli for materials below
𝑇𝑇𝐶𝐶 . Fitting the measured 𝐶𝐶𝑝𝑝 using Eqn. 47 (Figure 18) with 𝛾𝛾 and 𝛼𝛼′ as fitting parameters,

𝛾𝛾 = 2.54 and the anharmonic coefficient 𝛼𝛼′𝐶𝐶 = 1.5 × 10−4 K−1 were obtained, in good

agreement with the coefficient derived from the Raman frequency shifts (𝛼𝛼′ 𝐵𝐵𝑔𝑔3 =

5.1 × 10−4 K−1 and 𝛼𝛼′ 𝐴𝐴2𝑔𝑔 = 5.0 × 10−4 K−1). The positive value of 𝛼𝛼′𝐶𝐶 is consistent

with the dominant three-phonon process [231,244], as concluded from the Raman
analysis [8]. Typical examples of 𝛼𝛼′ values reported for other materials include KCl (𝛼𝛼′ =
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0.3 × 10−4 K−1), Si (𝛼𝛼′ = 0.66 × 10−4 K−1), and Ge (𝛼𝛼′ = 0.52 × 10−4 K−1) [245],

where the cubic term is dominant, while in Pb (𝛼𝛼′ = −0.4 × 10−4 K−1) and Al (𝛼𝛼′ =
−0.25 × 10−4 K−1) [231], the quartic term is dominant. Indeed, these 𝛼𝛼′ values are an

order-of-magnitude lower than that of SnSe, confirming the high phonon anharmonicity in
SnSe.

Figure 18: Heat capacity of SnSe as a function of temperature. The black-dotted trace
represents the experimental heat-capacity (Cp) data obtained from [8]. The red trace
is a fit to Cp data according to Eqn. (48). The blue trace corresponds to the
quasiharmonic contribution (Cp-Canh) in Eqn. (48) and the magenta trace corresponds
to the anharmonic contribution (Canh). Inset is the temperature dependent bulk
modulus (BT) of SnSe with Varshini model fit depicted by the red trace.
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5.2 Four-phonon scattering in GeTe confirmed by Raman and thermal conductivity

Figure 19: Phonon dispersion relation from 𝑺𝑺 (𝑸𝑸, 𝑬𝑬) with function of energy
transfer E and q along [0K0] for [7] (a) pristine GeTe and (c) Ge0.92Sb0.08Te crystals

with TA and LA branches. The solid circles in (a) were determined by the multi-peak
Gaussian function from panel (b), and the red dashed lines are guides to the eye. (b)
and (d) show phonon energy spectra for energy scans along [0K0] with a
constant Q of k = 1–1.5 for GeTe and Ge0.92Sb0.08Te crystals, respectively. The open
symbols represent the data collected from the triple-axis spectrometer while the solid
lines in (b) are numerical fits with a multi-peak Gaussian function, and in (d) are
guides to the eye.
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Another chalcogenide that exhibits a high ZT is GeTe with 𝑍𝑍𝑍𝑍 ~1.85 at 725 K in

Sb-doped Ge1−xSbxTe crystalline ingots [246] and 𝑍𝑍𝑍𝑍 ~1.9 in Bi-doped GeTe single
crystals [247]. When doped with Sb, GeTe simultaneously exhibits a suppressed high p-

type carrier concentration that enhances 𝛼𝛼, and an enhanced point defect phonon scattering

that reduces 𝜅𝜅𝐿𝐿 , leading to the observed high ZT values. While high ZT values have been

reported in both single- and poly-crystalline GeTe, its microscopic origin had not been
explored systematically.
Vankayala et al. [7] conducted a systematic INS on Ge0.92Sb0.08Te crystals to probe

dopant-influenced phonon scattering and its effect on a record low value for 𝜅𝜅𝐿𝐿 ~0.46 Wm-

1

K-1 at 740 K. Their study revealed a modified phonon dispersion with an extra phonon

excitation at a transfer energy 𝐸𝐸 ≈ 5– 6 meV near the 𝛤𝛤 point, consistent with DFT

calculations [7]. The Sb-dopant added extra states in the phonon density of states,
increasing the phonon scattering rates and lowering the 𝜅𝜅𝐿𝐿 .

These results are shown in Figure 19a and Figure 19c, which compare the INS

data for GeTe and Ge0.92Sb0.08Te, and highlight the greater complexity of the phonon
dispersion of Ge0.92Sb0.08Te. Figure 19b presents the energy profile for pristine GeTe at
selected q vectors with steps of 0.05. Here, a multi-peak Gaussian function was employed
to fit each experimental energy profile to extract the energies of the TA and LA phonons
at each q. These energies are plotted as solid circles in Figure 19a and represent the TA
and LA branches in the phonon dispersion. The corresponding data from Sb-doped GeTe
are significantly different. An unexpected extra excitation between 5–7 meV is observed
for the Ge0.92Sb0.08Te crystal (Figure 19c). In addition, the energy profile (Figure 19d) of
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Ge0.92Sb0.08Te exhibits a higher complexity than that of pristine GeTe, with the TA and LA
phonon branches exhibiting lower slopes, implying a reduction in phonon group velocity.
5.2.1 Temperature-dependent polarized Raman spectroscopy in single-crystalline GeTe
Bulk GeTe exhibits a rhombohedral structure with R3m (C3v point group) space group
with 2 atoms per unit cell that undergoes a displacive phase transition to a cubic (Fm-3m)
structure at ~ 673 K. It has 3 vibrational modes that can be represented as Γ = 2E2g + A1

Figure 20: (a) GeTe crystal superlattice. (b) Raman eigen modes of GeTe. (c)
Unit cell of GeTe crystal.
(the corresponding character table is shown in Appendix B). They are both Raman-active
and IR-active because of the lack of inversion center, and their eigenmodes are depicted in
the Figure 20b below [248,249], we employed temperature-dependent polarized Raman
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spectroscopy data with 𝑐𝑐(𝑎𝑎𝑎𝑎)𝑐𝑐̅ and 𝑐𝑐(𝑎𝑎𝑎𝑎)𝑐𝑐̅ configurations from Ref [250] as we were
unable to acquire samples cut along the specific crystallographic directions.

The experimentally determined volume as a function of temperature is fitted using the
following expression [251].
𝑇𝑇

𝑇𝑇′ 3

𝜃𝜃𝐷𝐷�
𝑥𝑥 4
𝑇𝑇′ 𝑒𝑒 𝑥𝑥 𝑑𝑑𝑑𝑑
𝑥𝑥
[𝑒𝑒 −1]2

𝑉𝑉 = 𝑉𝑉(0) + 9𝑎𝑎𝑅𝑅 ∫0 𝑑𝑑𝑑𝑑′ �𝜃𝜃 � ∫0
𝐷𝐷
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where, 𝜃𝜃𝐷𝐷 = 181 𝐾𝐾 is the Debye temperature of GeTe, that yields, 𝑎𝑎 =

0.000118 Å3 /𝐽𝐽 and 𝑉𝑉(0) = 159.509 Å3 (Figure 21).

Figure 21: Volume of GeTe unit cell as a function of temperature [7]. The solid bullets
represent experimental data and the fit through the data is described by Eqn. 49.
Using the extracted values of a and V(0) in Eqn.48, we obtained ∆𝑉𝑉 = 𝑉𝑉(550) −

𝑉𝑉(0) = 1.429Å3 . The experimental data for temperature-dependent polarized Raman E2g
and A1u modes from Ref. [250] were fitted (Figure 22) using identical three- and four-

phonon decay approximation in Eqns. 27-29. Where, 𝛾𝛾 = 1.7 is Gruneisen parameter of

GeTe [252]. We used identical phonon decay mode for three-phonon process, whereas for
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four-phonon process, with the help of phonon dispersion relation and phonon DOS [253],
a decay channel of 160 𝑐𝑐𝑐𝑐−1 + 86𝑐𝑐𝑐𝑐−1 ⇆ 123 𝑐𝑐𝑐𝑐−1 + 124 𝑐𝑐𝑐𝑐−1 out of many decay

channels available by considering higher phonon is used to fit (Figure 22) the temperature
dependent shifts in the frequency of both E and A modes. Two 124 cm-1 and 160 cm-1
optical phonons located in the L-W direction of phonon dispersion and 86 cm-1 and 123
cm-1 phonons are located at zone center gamma point were selected so that the decay mode
satisfy both energy and momentum conservation. Interestingly, we found that the phonon
decay in GeTe is dominated by a four-phonon process, unlike SnSe, where three-phonon
decay is the dominant mechanism.
On the other hand, the analysis of the thermal conductivity data in Sb-doped GeTe
revealed a dominating three-phonon process discussed in detail later section. The

Figure 22: Frequency shift plotted as a function of temperature for (a) E2g (86 cm-1)
and (b) A1u (123 cm-1) modes. The 3-phonon (blue), 4-phonon (green), thermal
expansion (magenta) contributions to the total shifts (red) are shown in the figure.
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occurrence of three- or four-phonon decay processes depends on the phonon dispersion of
the material and whether an energy gap exists between optical and acoustic phonon
branches [236]. A larger phonon gap limits the number of decay channels for optical
phonons (for example, in pristine GeTe), necessitating a four-phonon decay. Three-phonon
decay processes have also been observed with Raman spectroscopy in other chalcogenidebased TE materials such as PdS [254], CaZrSe3 [255], PbSe, and SnTe [256]. On the other
hand, four-phonon processes could dominate phonon decay in materials that exhibit
anomalous anharmonicity, where phonon modes soften instead of hardening with
decreasing temperature. This creates a “waterfall” effect in the phonon dispersion, as
shown previously for PbTe [165]. Such anomalous anharmonic effects necessitating fourphonon decay were also observed in Bi2Te3−xSex crystals [257].
5.2.2 Temperature-dependent thermal conductivity in single-crystalline GeTe and Sbdoped GeTe
To analyze the high-temperature dependence of 𝜅𝜅𝐿𝐿 in pristine and Sb-doped GeTe,

we ignore the contributions from boundary scattering in the temperature range (300 - 750
K) and simplify Eqn. 45 as
𝑘𝑘

𝑘𝑘𝐵𝐵 𝑇𝑇 3

𝜃𝜃 ⁄𝑇𝑇
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ℏ
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𝑑𝑑𝑑𝑑 ,

where, 𝑥𝑥0 (𝑇𝑇) = �
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Solving the above equation we get,
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Figure 23 Anharmonicity in Sb-doped GeTe [7]. (a) Electronic (κe) and lattice (κlat)
contributions to thermal conductivity as a function of temperature for pristine GeTe
and doped GST (x = 0.08) single crystals. The dotted blue line shows the 1/T
dependence. (b) The dotted black line shows the 1/T dependence that results from
Umklapp scattering (three-phonon), which is inadequate to describe the temperature
behavior exhibited by pristine GeTe. The solid black line includes an additional fourphonon scattering process in pristine GeTe that accurately describes the temperature
dependence of the measured κlat. In addition to point defect scattering, three-phonon
scattering is the more prominent scattering mechanism in GST (x = 0.08) single
crystal (solid green line).
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As shown in Figure 23b, clearly, only the three-phonon Umklapp scattering along
with point defect scattering (shown as the black dashed trace) is inadequate to describe the
temperature dependence of 𝜅𝜅𝐿𝐿 exhibited by pristine GeTe, contrary to the 1�𝑇𝑇 dependence
exhibited by the lattice thermal conductivity of SnSe at higher temperatures (cf. Figure 6A

Figure 24: The virtual crystal approximation (VCA) method based on first-principles
calculations for examining of the effects of partially doping Sb into GeTe on phonon
dispersion and phonon density of state (PDOS). Two Sb doping levels 0.02 (blue
traces) and 0.08 (orange traces) are shown for comparing to that of pristine GeTe
(green traces). The right panel shows the model for the calculation. From the phonon
dispersion of DFT, it can be seen that the overall phonon frequency softens due to the
Sb doping. In pristine GeTe, no phonon modes are present between ~ 0 -10 meV at
the Γ point and 12-13 at W point.
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in reference [177]). Hence, the inclusion of the higher-order scattering process is necessary
to describe its temperature dependence accurately. On the other hand, a three-phonon
process is sufficient to describe the temperature dependence of 𝜅𝜅𝐿𝐿 for Ge0.92Sb0.08Te. The

observed difference in the temperature dependencies of 𝜅𝜅𝐿𝐿 in pristine and Ge0.92Sb0.08Te is
also supported by DFT calculations (cf. Figure 24) which show the availability of a higher
number of decay channels in Ge0.92Sb0.08Te, resulting in high phonon scattering rates.
Moreover, Ge vacancies also act as phonon scattering centers in Ge1-xSbxTe (x = 0,
0.08), and the scattering parameter for point defect scattering estimated by Klemens
represents a combination of vacancy [258] and mass fluctuation scattering [259] terms as
given by
𝑉𝑉

𝐴𝐴 ≈ 4𝜋𝜋𝑣𝑣3 �𝑁𝑁𝑉𝑉 �−
𝑠𝑠
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𝑀𝑀𝐺𝐺𝐺𝐺 −𝑀𝑀𝑆𝑆𝑆𝑆 2

− 2� + 𝑥𝑥(1 − 𝑥𝑥) �

𝑀𝑀′

50

� � ,

where V is the volume per atom, vs is the phonon velocity (or the velocity of sound through
the material), NV is the relative vacancy concentration, M is the average mass per atom, Ma
is the mass of the missing atom, the term -2 accounts for the potential energy of the missing
linkages, or twice the potential energy per atom [258], MGe = 72.63 g mol-1, MSb = 121.76
g mol-1, and M′ is the average mass per ternary cluster Ge1-xSbxTe. Table 1 shows the fitting
ℏ𝛾𝛾2

parameters and the calculated theoretical values of A and B (where, 𝐵𝐵𝑈𝑈 ≈ 𝑀𝑀𝑣𝑣2 𝜃𝜃 ) [260] that
𝑠𝑠

𝐷𝐷

provides a theoretical validation of our fit. Surprisingly, both fitted and calculated values
of A for pristine GeTe are comparable to that of the Sb-doped GeTe, which is

counterintuitive since the second term in Eqn. 50 due to mass fluctuation scattering by an
impurity atom is absent in pristine GeTe. Nonetheless, the phonon scattering strength by
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vacancies is much stronger than that of mass fluctuation scattering due to Sb3+ ions
substituting at Ge2+ sites since vacancy scattering is linked to both scattering of phonons
by missing mass and missing interatomic linkages [258]. Here, the scattering strength by

a

vacancies in Ge0.92Sb0.08Te is further compensated by mass fluctuation scattering (𝑀𝑀𝐺𝐺𝐺𝐺 −

𝑀𝑀𝑆𝑆𝑆𝑆 ), as many of the vacancies are now occupied by Sb3+ ions in addition to substitution
at the Ge2+ sites, which also led to the enhancement of 𝑆𝑆 due Sb-doping (cf. Figure 25b).

Figure 25: (a) Low magnification TEM image of GeTe exhibiting the presence of
stacking faults and herringbone structures. (b) Thermoelectric properties of GeTe
and Sb-doped GeTe single crystals (GST). Temperature-dependent Seebeck
coefficient measured at Academia Sinica, Taiwan [7].
From Table 2, we see that the calculated value of A (BU) differ by an order (roughly
two orders) of magnitude from our fitted values that is attributed to the constant vs in the
Callaway’s model which assumes a single averaged phonon velocity approximately equal
to the velocity of sound without any distinction between longitudinal and transverse
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velocities [261,262]. Notably, in GST, the phonon dispersion is distinctly different from
that of pristine GeTe, leading to their different fitted BU values (Table 2).
Table 2: Fitting parameters used in the Callaway’s model, where A is the point defect
scattering parameter, and BU and BH are three- and four-phonon Umklapp scattering
parameters, respectively [7].
Scattering

GeTe

Ge0.92Sb0.08Te

parameters

Fitted

Calculated

Fitted

Calculated

A (s3)

5.03 × 10-42

4.90 × 10-41

3.91× 10-42

2.57 × 10-41

BU (sK-1)

8.97 × 10-21

2.81 × 10-18

3.72 × 10-17

2.76 × 10-18

BH (sK-2)

2.48 × 10-20

-

-

-

Although from Figure 23b, it is evident that the point defect and threephonon scattering processes are adequate to model the temperature-dependent behavior of
𝜅𝜅𝑙𝑙𝑙𝑙𝑙𝑙 in GST, based on the presence of stacking faults and herringbone structures in Figure
−1
25a, we also considered an additional phonon scattering via stacking faults (𝜏𝜏𝑆𝑆𝑆𝑆
=

0.7

2
𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙
𝛾𝛾2 𝑁𝑁𝑠𝑠 𝜔𝜔2

𝑣𝑣𝑠𝑠

) [263], where 𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙 is the average lattice constant, and 𝑁𝑁𝑠𝑠 is the number of

stacking faults per m and the results are shown in Table 3.

This study was published in Advanced Science [7], and I designed the cover image,
which was published as an inside back cover, as shown in Figure 26.
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Figure 26: Cover image published by Advanced Science.
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CHAPTER SIX
SUMMARY AND FUTURE OUTLOOK
Advances in TE technologies hinge on the: i) development of materials in which
phonon-phonon interactions can be controlled through the design of materials using
advanced modeling/simulation tools that allow a deeper understanding of phonon behavior
and scattering mechanisms, and ii) rapid synthesis methods and characterization tools to
translate laboratory-scale discoveries to the market. The above discussion presented at least
three independent characterization tools, viz., Raman spectroscopy, specific heat, and
thermal conductivity measurements, to ensure accurate modeling and quantification of
anharmonicity. Typically, synchrotron user facilities that are available at the National
Laboratories are employed to probe the underlying phonon transport mechanisms of TE
materials. In contrast, Raman spectroscopy is ubiquitous, using affordable benchtop
equipment, and provides a faster characterization of phonons in TE materials. The next
step in this endeavor to advance TE materials and technologies is to leverage data from
characterization tools with rapidly advancing information technology such as machine
learning (ML). For example, we recently reported the highest ZT of 2.2 at 740 K in the
optimally doped Ge1-xSbxTe (x = 0.08) [7] single crystals due to a simultaneous
enhancement of PF and reduction of κ via Sb doping with the highest ZT of 2.2 at 740 K
in the optimally doped GST (x = 0.08), which is ≈ 15% higher than the ZT = 1.85 reported
in Ref. [246] for crystalline ingots. We succeeded in our trial method for the optimal dopant
concentration by chance; however, the use of ML would have been an ideal way of finding
the optimal composition of such dopants efficiently. In the following section, we present a
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brief discussion about ML showcasing the development for materials discovery,
optimization of synthesis and characterization techniques, and different phonon
engineering techniques to enhance the anharmonicity.
6.1 Machine learning
This section was written in collaboration with Dr. Rahul Rao at Air Force Research
Laboratory (AFRL). With the recent advent of high-throughput computing, machine
learning (ML), and artificial intelligence (AI) tools, it is becoming increasingly viable to
use these tools for materials discovery and property optimization [264–266]. There are
two major ways ML can be used in materials research – high-throughput computationallyguided materials discovery and optimizing materials synthesis and characterization.
Through both routes, AI/ML algorithms have the potential to increase the speed of TE
materials research and development rapidly. Figure 27a shows the previously discussed
parameters of the thermoelectric figure of merit, viz., thermopower, electrical conductivity
(or resistivity), and thermal conductivity. The search for high ZT materials involves a
simultaneous reduction of thermal conductivity and increased thermopower and electrical
conductivity. As shown in Figure 27a, computational methods can optimize these
properties by manipulating four degrees of freedom (indicated at the apexes of the
tetrahedron), i.e., the interplay between the charge, lattice structure, orbital, and spin
degrees of freedom.

76

77

Figure 27:

(a) Thermoelectric materials research is an application-driven

multidisciplinary topic of fundamental research, which involves the charge, spin,
orbital, and lattice degrees of freedom of material [78]. The electrical resistivity (𝝆𝝆),
Seebeck coefficient (𝜶𝜶), and thermal conductivity (𝜿𝜿) are optimized as a group via
synergistic synthesis-experimental-theoretical efforts toward a high figure of merit
(ZT) and, thus, high-efficiency thermoelectric devices. (b) Schematic of applying the
machine learning model method to predict efficient thermoelectric materials [274].
(c) Thermopower of the Fe-Pt-Sm system as a function of composition [290,291].

6.1.1 Machine learning for materials discovery
One of the most common applications of ML in TE materials research is
computational-guided discovery, as described in detailed topical reviews [267,268]. In
these studies, first-principles calculations (e.g., using density functional theory or DFT) are
typically used to generate material structures with favorable properties according to the
degrees of freedom described above. These structures, which can number in the thousands,
are then screened using ML algorithms to narrow the number of potential candidates [269].
Figure 27b shows a typical workflow where materials are first selected from a
database [270], then data construction and feature selection are based on the degrees of
freedom described above. The ML algorithms then model and screen these materials to
predict a set of promising structures. Since DFT calculations can be computationally
expensive, high-throughput screening using ML is crucial for increasing the efficiency of
the materials discovery process. ML can also be inserted into the experimental loop, as
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shown in Figure 27b, and also aid synthesis efforts by optimizing the typical multidimensional parameter spaces.
Some of the popular ML models used for materials research are Bayesian
optimization (BO), random forest (RF), artificial and deep neural networks (ANNs and
DNNs), and support vector machines (SVMs). But there are over 30 ML models available,
and new ones are being developed rapidly. A number of these models specifically relevant
to materials science have been reviewed in Refs. [271–273] The choice of algorithm can
yield results with varying degrees of success. For example, several of these models were
evaluated in search of intermetallic alloys with high TE performance, and RF was chosen
as the best predictor that screened over 130000 materials and narrowed them down to 6476
candidates [274]. In another study, BO was used to optimize the output of first-principles
calculations iteratively and screened over 50000 compounds to predict ones with low
thermal conductivities [275]. ML algorithms have also been used to screen TE properties
such as Seebeck coefficients and power factors for various traditional bulk (3D) and 2D
TE materials such as oxides, nitrides, and half-Heuslers [269,276–281]. Some of the
databases created from these studies have been publicly available through the internet (e.g.,
Jarvis [282,283], AFLOW-LIB [284], ThermoE toolkit [280], the Materials Project [285]).
ML algorithms have been employed to find several new compositions for binary
chalcogenides.

Jia et al. [286] used a high throughput approach by evaluating two

descriptors. The first descriptor was based on electrical properties, characterized by carrier
effective masses; this descriptor was used as a proxy for the power factor of the TE
materials. The second descriptor was the Gruneisen parameter, related to lattice
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anharmonicity and the material thermal properties. By applying these two descriptors to
screen 243 binary chalcogenide semiconductors, the authors first successfully predicted
previously reported promising TE materials such as SnSe, PbTe, and Bi2Te3. Additionally,
they found 9 previously unreported p-type and 14 n-type TE materials. These new
compounds include Ba2S3, BeSe, Bi(S, Se)2, Cs2Te4, K2Te3, NaTe3, Sb2Te2, Sr(S, Te),
Ir2S3, Te16Si38, TlS, ZnSe and ZnSe2. It remains to be seen whether the successful synthesis
and experimental TE property measurements can match these theoretical predictions. Gorai
et al. [287] performed a similar study with the two descriptors and found that AB-type
binary chalcogenides with heavy cations (Ag, In) and halogens (Br, I) are promising p-type
TE materials, while Zintl-like compounds such as CdSb and ZnSb are good n-type TE
materials. Interestingly, the same study also reported that novel phases, for example, the
monoclinic phase of InSe could be a good n-type thermoelectric. A similar result was
published by Guo et al. [288], who investigated the TE properties of cyclic phase SnSe
using ML methods. Compared to the excellent TE performance of the cubic phase [104],
the p-type cyclic phase SnSe exhibited a ZT of 1.83 at 800 K. In another study, Zhu et
al. [289] used NNs, and RF approaches to focus solely on lattice thermal conductivities for
identifying promising rare-earth-based binary chalcogenide TE materials. Two of their
predicted materials that exhibited ZT values greater than 1 at high temperatures (> 900 K)
are Er2Te3 and Y2Te3. The studies discussed above highlight the power of ML methods to
computationally explore novel phases and structures in new and existing binary
chalcogenide TE materials.
Beyond purely computational efforts, the next step after predicting a potential TE
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material is to synthesize it and verify its TE properties. ML models are particularly useful
for screening non-stoichiometric compositions of intermetallic compounds, which are
typically not synthesized. In this regard, ML models were recently used to identify new
spin-driven TE materials, and the compositions of Co48.9Pt51.1N7.2 and Fe0.665Pt0.27Sm0.065
were predicted to have high thermopowers. The authors synthesized these materials and
measured thermopower values of

13.04 and 11.12 μV/K for Co48.9Pt51.1N7.2 and

Fe0.665Pt0.27Sm0.065, respectively [290,291]. A different study looked at the offstoichiometric compositions of Al2Fe3Si3 with a Gaussian process regression model and
found a high power factor for the composition Al23.5+xFe36.5Si40–x, with 𝑥𝑥 = 0.9 (Figure

27c).

6.1.2 Machine learning for optimization of materials synthesis and characterization
While computational methods combined with ML algorithms have shown their
promise towards discovering new TE materials with unprecedented performance, the
integration of ML with experiments will likely yield the biggest gains in terms of largescale production of TE materials for a variety of applications. The synthesis of new
materials and their characterization is a time- and labor-intensive endeavor that often
results in decades-long searches before they can be transitioned into useful technology. ML
has the potential to speed up the pace of research and development and is especially
relevant for TE materials in our quest for new sustainable energy technologies [78]. By
inserting ML into the experimental loop, as shown in Figure 27b, ML can be used to
optimize synthesis parameters based on the inputs given by characterization. This is done
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commonly through supervised learning, wherein the ML algorithm uses an initial seed
dataset (e.g., a randomized set of synthesis parameters from a few initial experiments) and
iteratively minimizes or maximizes an objective function (for example, yield or specific
crystal structure) based on the synthesis parameters. Future efforts could involve a highthroughput experimental loop that can rapidly synthesize and characterize new materials,
with machine learning embedded during the synthesis and characterization steps, similar
to the approach recently demonstrated for carbon nanotube synthesis [292,293]. New highthroughput experimental tools can be envisioned to determine intrinsic transport
parameters such as charge concentration, electrical and thermal conductivity, and Seebeck
coefficient. Such high-throughput characterization tools and synthesis methods such as cosputtering, pulsed laser deposition, or chemical vapor deposition can result in a large
combinatorial library of compounds that can guide us towards discovering new TE
materials.
6.1.3 Machine learning for anharmonicity
With regards to anharmonicity, thus far, ML has mostly been used for theoretical
calculations. The inclusion of anharmonic corrections, which are typically computationally
expensive with ab initio modeling, is easier to implement with hybrid approaches wherein
geometric structure optimization and harmonic calculations are computed at a high level
of theory such as DFT anharmonic corrections are obtained through ML. A recent example
is the use of ML to develop an interatomic potential to accompany MD simulations of the
thermal properties of SnSe at different temperatures [294–296]. In this study, the
motivation to use ML stemmed from inaccuracies in the available interatomic potentials
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for MD simulations of the thermal properties of SnSe in the room temperature Pnma and
high-temperature Cmcm phases. Liu et al. [294] used an ML algorithm previously
developed for accelerated crystal structure prediction and applied it to SnSe. They
calculated the phonon dispersion of SnSe in the low- and high-temperature phases and
showed that it could correctly reproduce the anharmonic lattice instability responsible for
the Pnma-Cmcm phase transition. Similar ML-based interatomic potentials have also been
used to model lattice dynamics in elemental metals and more complex perovskites [297–
299]. Other studies have applied ANNs to compute the anharmonic vibrational frequencies
of many organic and inorganic compounds. In addition to high accuracy (low errors), these
methods could be up to 10 times faster than pure ab initio modeling, highlighting the power
of ML to reduce computational costs significantly. A recent study [300] took this a step
further and produced anharmonic Raman spectra using a DNN to train and predict
dielectric susceptibilities and potential energy surfaces. Using these predictions, the
authors predicted the Raman spectra of Si and paracetamol crystals and reported a
reduction of computational costs by several orders of magnitude. In the context of the
discussion in this chapter, it is exciting to look forward to using ML algorithms to calculate
anharmonic Raman spectra of TE materials over a wide temperature range and provide
insights into their phonon decay mechanisms. These calculations, which are speeded up
with the use of ML, will greatly benefit experimentalists in interpreting the complex
mechanisms underlying a materials’ TE performance.
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APPENDICES
Appendix A
Numerical calculation of scattering parameters for GeTe

To show the necessity of including a four-phonon scattering process to describe the
steeper fall of temperature-dependent thermal conductivity of GeTe, initially only point
defect scattering, and three-phonon Umklapp scattering were considered within equation
(2) by deliberately setting 𝐵𝐵𝐻𝐻 = 0. The resulting fit (as represented by the dashed trace in
Figure 23b) does not explain the experimental results. The inclusion of a four-phonon

scattering process yielded a much better fit, as shown in Figure 23b by the solid black
trace. A similar approach was employed to describe the temperature profile of Sb doped
GeTe, and both yielded an overlapping fit with and without the 4-phonon scattering as
shown by the green trace in Figure 23b.
For Pristine GeTe, only Ge vacancies are considered while calculating point defects,
𝑉𝑉

𝜏𝜏𝑃𝑃𝑃𝑃 −1 = 4𝜋𝜋𝑣𝑣3 Γ𝜔𝜔4
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𝑠𝑠

where,
Γ = Γ𝑀𝑀𝑀𝑀 + Γ𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 ,

= Γ𝑀𝑀𝑀𝑀 (𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣) + Γ𝑀𝑀𝑀𝑀 (𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑) + Γ𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 ,
∆𝑀𝑀 2

∆𝑀𝑀

2

∆𝛿𝛿𝑖𝑖 2

= 𝑁𝑁𝑉𝑉 � 𝑀𝑀 � + ∑𝑖𝑖 𝑥𝑥𝑖𝑖 �� 𝑀𝑀′𝑖𝑖 � + 𝜀𝜀 �

𝛿𝛿

� �

,
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∆𝑀𝑀 2

𝑀𝑀𝐺𝐺𝐺𝐺 −𝑀𝑀𝑆𝑆𝑆𝑆 2

Γ ≈ 𝑁𝑁𝑉𝑉 � 𝑀𝑀 � + 𝑥𝑥(1 − 𝑥𝑥) �

�

𝑀𝑀′
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.

Here, the first term is from vacancy. 𝑁𝑁𝑉𝑉 is the relative vacancy concentration and

can be extracted from carrier concentration. Last term ( Γ𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 ) arises from the strain field
scattering effect, and for the current purposes, we can consider it to be negligible as the

radius of dopant and substituted atom is very similar. Vacancy contribution can be
measured by considering formalism adopted from Klemens [258]:

∆𝑀𝑀
𝑀𝑀

=−

𝑀𝑀𝑎𝑎
𝑀𝑀

− 2. For

vacancy only M is the average mass per atom of Ge and Te group. Ma is mass of missing
atom. M′ is the average mass of ternary cluster. Now,
𝑉𝑉

𝑉𝑉

𝐴𝐴 ≈ 4𝜋𝜋𝑣𝑣3 Γ = 4𝜋𝜋𝑣𝑣3 �𝑁𝑁𝑉𝑉 �−
𝑠𝑠

ℏ𝛾𝛾2

𝐵𝐵𝑈𝑈 ≈ 2
𝑀𝑀𝑣𝑣 𝜃𝜃
𝑠𝑠

𝐷𝐷

𝑠𝑠

.

𝑀𝑀𝑎𝑎
𝑀𝑀

2

𝑀𝑀𝐺𝐺𝐺𝐺 −𝑀𝑀𝑆𝑆𝑆𝑆 2

− 2� + 𝑥𝑥(1 − 𝑥𝑥) �

𝑀𝑀′

� � ,

Here, 𝑉𝑉 = 26.583 × 10−30 𝑚𝑚3 volume per atom. 𝛾𝛾 = 1.7 [252]
𝑀𝑀𝑎𝑎 = 𝑀𝑀𝐺𝐺𝐺𝐺 = 72.63 𝑎𝑎𝑎𝑎𝑎𝑎 ,
𝑀𝑀 =

𝑀𝑀𝐺𝐺𝐺𝐺 +𝑀𝑀𝑇𝑇𝑇𝑇
2

72.63+127.60

=

2

= 100.115 𝑎𝑎𝑎𝑎𝑎𝑎 ,

𝑀𝑀′ = (1 − 𝑥𝑥)𝑀𝑀𝐺𝐺𝐺𝐺 + 𝑥𝑥𝑀𝑀𝑆𝑆𝑆𝑆 + 𝑀𝑀𝑇𝑇𝑇𝑇

,

𝑀𝑀′ = 0.92 × 72.63 + 0.08 × 121.76 + 127.60 = 204.1604 𝑎𝑎𝑎𝑎𝑎𝑎

�−

𝑀𝑀𝑎𝑎
𝑀𝑀

2

− 2� = �−

𝑀𝑀𝐺𝐺𝐺𝐺 −𝑀𝑀𝑆𝑆𝑆𝑆 2

�

𝑀𝑀′

𝑀𝑀𝐺𝐺𝐺𝐺
𝑀𝑀

2

2

72.63

− 2� = �− 100.115 − 2� = 7.43 .

72.63−121.76 2

� =�

204.1604

� = 0.0579 .

Pristine GeTe
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,

𝑁𝑁𝑉𝑉 = 𝑛𝑛𝑝𝑝 𝑉𝑉 = 8.04 × 1026 × 26.583 × 10−30 = 0.0214 𝑚𝑚−3 , 𝑣𝑣𝑠𝑠 = 1900 𝑚𝑚/𝑠𝑠 [301],
𝑉𝑉

𝐴𝐴 ≈ 4𝜋𝜋𝑣𝑣3 �𝑁𝑁𝑉𝑉 �−
𝑠𝑠

ℏ𝛾𝛾2

𝑀𝑀𝑎𝑎
𝑀𝑀

2

− 2� � =

26.583×10−30
4𝜋𝜋×19003

1.0544 ×10−34 ×1.72

× 0.0214 × 7.43 = 4.90 × 10−41 𝑠𝑠 3 ,

𝐵𝐵𝑈𝑈 ≈ 2 =
= 2.81 × 10−18 𝑠𝑠𝑠𝑠 −1 .
𝑀𝑀𝑣𝑣 𝜃𝜃
100.115×1.66×10−27 ×19002 ×181
𝑠𝑠

𝐷𝐷

Doped GeTe

𝑁𝑁𝑉𝑉 = 𝑛𝑛𝑝𝑝 𝑉𝑉 = 4 × 1026 × 26.583 × 10−30 = 0.0106 𝑚𝑚−3 ,
𝑉𝑉

𝐴𝐴 ≈ 4𝜋𝜋𝑣𝑣3 �𝑁𝑁𝑉𝑉 �−
𝑠𝑠

𝑀𝑀𝑎𝑎
𝑀𝑀

2

𝑀𝑀𝐺𝐺𝐺𝐺 −𝑀𝑀𝑆𝑆𝑆𝑆 2

− 2� + 𝑥𝑥(1 − 𝑥𝑥) �

𝑀𝑀′

� � .=

7.43 + 0.08 × 0.92 × 0.0579] , = 2.57 × 10−41 𝑠𝑠 3 ,
ℏ𝛾𝛾2

26.583×10−30
4𝜋𝜋×19003

× [0.0106 ×

1.0544 ×10−34 ×1.72

𝐵𝐵𝑈𝑈 ≈ 𝑀𝑀𝑣𝑣2𝜃𝜃 = 102.0802×1.66×10−27 ×19002×181 = 2.76 × 10−18 𝑠𝑠𝑠𝑠 −1 .
𝑠𝑠

𝐷𝐷

𝑁𝑁𝑠𝑠 = 8.9 × 106 /𝑚𝑚 , 𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙 ~ 4.17 × 10−10 𝑚𝑚,
−1
𝜏𝜏𝑆𝑆𝑆𝑆
= 0.7

2
2
𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙
𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙
𝛾𝛾 2 𝑁𝑁𝑠𝑠 𝜔𝜔2
𝛾𝛾 2 𝑁𝑁𝑠𝑠
⟹ 𝐵𝐵𝑆𝑆 = 0.7
,
𝑣𝑣𝑠𝑠
𝑣𝑣𝑠𝑠

(4.1719 × 10−10 )2 × 1.72 × 8.9 × 106
= 0.7
= 1.6465 × 10−15 𝑠𝑠 .
1900
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Table 3: Fitting parameters used in Callaway’s model, where A is the point defect
scattering parameter, BU is three-phonon Umklapp scattering parameter, and BSF is
the scattering parameter due to stacking faults, respectively. It should be mentioned
that BU essentially remains unchanged regardless of the inclusion or omission of BSF.
Moreover, as expected, the values of A decrease when phonon scattering from
stacking fault is also included (i.e., BSF is not = 0) [7].
Scattering

Ge0.92Sb0.08Te

Ge0.92Sb0.08Te

parameters

(with stacking fault)

(without stacking fault)

A (s3)

2.81 × 10-44

3.91 × 10-42

2.57 × 10-41

BU (sK-1)

3.73 × 10-17

3.72 × 10-17

2.76 ×10-18

BSF (s)

6.80 × 10-16

-

1.65 × 10-15
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Calculated

Appendix B
Character Table for D2h point group for SnSe and C3v point group of GeTe

Table 4: Character Table for D2h point group for SnSe
Linear
D2h

E

C2(z)

C2(x)

C2(y)

i

σ(xy)

σ(yz)

σ(zx)

functions,
rotations

Quadratic

Cubic

functions

functions

Ag

+1

+1

+1

+1

+1

+1

+1

+1

-

x2, y2, z2

-

B1g

+1

+1

-1

-1

+1

+1

-1

-1

Rz

xy

-

B2g

+1

-1

-1

+1

+1

-1

-1

+1

Ry

zx

-

B3g

+1

-1

+1

-1

+1

-1

+1

-1

Rx

yz

-

Au

+1

+1

+1

+1

-1

-1

-1

-1

-

-

xyz

B1u

+1

+1

-1

-1

-1

-1

+1

+1

z

-

z3, zx2, y2z

B2u

+1

-1

-1

+1

-1

+1

+1

-1

y

-

yz2, y3, x2y

B3u

+1

-1

+1

-1

-1

+1

-1

+1

x

-

z2x, xy2, x3
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Table 5: Character Table for C3v point group for GeTe
Linear
C3v

E

2C3(z)

3σv

functions,
rotations

Quadratic
function

A1

+1

+1

+1

z

x2+y2, z2

A2

+1

+1

-1

Rz

-

(x, y)

(x -y , xy)

(Rx, Ry)

(zx, yz)

E

+2

-1

0
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2

2

Cubic functions

z3, x(x2-3y2),
z(x2+y2)
y(3x2-y2)
(z2x, yz2)
[xyz, z(x2-y2)]
[x(x2+y2), y(x2+y2)]

Appendix C
Thermoelectric effects and Thomson (Kelvin) relationships of the TE coefficients

Figure 28: Experimental set up for (a) Seebeck effect, (b) Peltier effect.

The Seebeck effect is defined as the generation of voltage ∆𝑉𝑉 across two TE materials

(P and N type) by applying temperature difference ∆𝑇𝑇 at the junctions of these two TE

materials, as shown in Figure 28a. The voltage developed is proportional to the applied

temperature difference and is given by
∆𝑉𝑉 = 𝛼𝛼𝑁𝑁𝑁𝑁 ∆𝑇𝑇 ,
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where ∆𝑇𝑇 = 𝑇𝑇𝐻𝐻 − 𝑇𝑇𝐶𝐶 and 𝛼𝛼𝑁𝑁𝑁𝑁 is the relative Seebeck coefficient defined as the difference

between the absolute Seebeck coefficients 𝛼𝛼𝑁𝑁 and 𝛼𝛼𝑃𝑃 of N and P type TE materials,
respectively. i.e.,

𝛼𝛼𝑁𝑁𝑁𝑁 = 𝛼𝛼𝑁𝑁 − 𝛼𝛼𝑃𝑃 .
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In practice, the absolute Seebeck coefficients are rarely measured because the voltage
measured always provides the relative Seebeck coefficient between two TE materials. The
absolute Seebeck coefficients can be extracted from the Thomson coefficient, which will be
discussed in detail later.
The inverse of Seebeck effect is known as the Peltier effect and is defined as the creation
of temperature difference ∆𝑇𝑇 across two TE materials (P and N type) by a current I flowing
across the junctions of these two TE materials, as shown in Figure 28b. The effect involves a

continuous heat rejection at one junction while continuous heat absorption at another junction,
thus the creation of temperature difference between two junctions. The junction at which the
heat is rejected or absorbed depends on the direction of the current flow and the rate of the heat
rejection 𝑄𝑄̇𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 is directly proportional to the current I. i.e.,
𝑄𝑄̇𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = Π𝑁𝑁𝑁𝑁 𝐼𝐼 .
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Finally, the third TE effect, known as the Thomson effect, is defined as the expulsion

or absorption of heat when electric current I passes through a single TE material with a
temperature gradient ∇𝑇𝑇. Whether heat is absorbed or expelled depends on the direction of

both the electric current and temperature gradient. The magnitude of Thomson heat is
proportional to both the current and the temperature gradient. i.e.,
𝑄𝑄̇𝑇𝑇ℎ𝑜𝑜𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠 = −τ𝐼𝐼∇𝑇𝑇 ,

56

where τ is the Thomson coefficient and is the only coefficient that is measured directly. This
effect is a reversible process contrary to the irreversible Joule heating, in which heat is always
generated by a flowing current I.
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Thomson (or Kelvin) Relationships

Figure 29: Experimental setup for reversible Thomson effect in which heat is
absorbed or expelled depends on the directions of both the electric current I and
temperature gradient 𝛁𝛁𝑻𝑻.

Now, let us consider a closed circuit made by two P and N type TE materials whose

two junctions are kept at two different temperatures 𝑇𝑇𝑐𝑐 = 𝑇𝑇 and 𝑇𝑇𝐻𝐻 , such that 𝑇𝑇𝐻𝐻 = 𝑇𝑇 + ∆𝑇𝑇.
From the first law of thermodynamics [302],

𝐼𝐼∆𝑉𝑉 = 𝐼𝐼Π𝑁𝑁𝑁𝑁 (𝑎𝑎𝑎𝑎 𝑇𝑇 = 𝑇𝑇𝐶𝐶 + ∆𝑇𝑇) − 𝐼𝐼Π𝑁𝑁𝑁𝑁 (𝑎𝑎𝑎𝑎 𝑇𝑇 = 𝑇𝑇𝐶𝐶 ) + 𝜏𝜏𝑃𝑃 𝐼𝐼∆𝑇𝑇 − 𝜏𝜏𝑁𝑁 𝐼𝐼∆𝑇𝑇 .

57

Substituting, ∆𝑉𝑉 = 𝛼𝛼𝑁𝑁𝑁𝑁 ∆𝑇𝑇,

𝐼𝐼𝛼𝛼𝑁𝑁𝑁𝑁 ∆𝑇𝑇 = 𝐼𝐼Π𝑁𝑁𝑁𝑁 (𝑎𝑎𝑎𝑎 𝑇𝑇 = 𝑇𝑇𝐶𝐶 + ∆𝑇𝑇) − 𝐼𝐼Π𝑁𝑁𝑁𝑁 (𝑎𝑎𝑎𝑎 𝑇𝑇 = 𝑇𝑇𝐶𝐶 ) + 𝜏𝜏𝑃𝑃 𝐼𝐼∆𝑇𝑇 − 𝜏𝜏𝑁𝑁 𝐼𝐼∆𝑇𝑇,
⇒ 𝛼𝛼𝑁𝑁𝑁𝑁 =

Π𝑁𝑁𝑁𝑁 (𝑎𝑎𝑎𝑎 𝑇𝑇=𝑇𝑇𝐶𝐶 +∆𝑇𝑇)−Π𝑁𝑁𝑁𝑁 (𝑎𝑎𝑎𝑎 𝑇𝑇=𝑇𝑇𝐶𝐶 )

For ∆𝑇𝑇 → 0,
𝛼𝛼𝑁𝑁𝑁𝑁 =

dΠ𝑁𝑁𝑁𝑁
𝑑𝑑𝑑𝑑

∆𝑇𝑇

+ 𝜏𝜏𝑃𝑃 − 𝜏𝜏𝑁𝑁 .

+ 𝜏𝜏𝑃𝑃 − 𝜏𝜏𝑁𝑁 .

58

59

92

Now, assuming the reversible TE processes separately from the irreversible processes
and applying the second law of thermodynamics, which states that net change in entropy is
always zero for a closed system with reversible processes [302,303], i.e.,
𝑆𝑆 = −
⇒−
⇒

𝑄𝑄𝑎𝑎𝑎𝑎 𝑇𝑇=𝑇𝑇𝐶𝐶 +∆𝑇𝑇
𝑇𝑇𝐶𝐶 +∆𝑇𝑇

+

𝐼𝐼Π𝑁𝑁𝑁𝑁 (𝑎𝑎𝑎𝑎 𝑇𝑇=𝑇𝑇𝐶𝐶 +∆𝑇𝑇)
𝑇𝑇𝐶𝐶 +∆𝑇𝑇

𝑇𝑇𝐶𝐶

+

−

𝑄𝑄𝑤𝑤𝑤𝑤𝑤𝑤ℎ𝑖𝑖𝑖𝑖 𝑃𝑃
𝑇𝑇𝐶𝐶 +∆𝑇𝑇�2

𝐼𝐼Π𝑁𝑁𝑁𝑁 (𝑎𝑎𝑎𝑎 𝑇𝑇=𝑇𝑇𝐶𝐶 )
𝑇𝑇𝐶𝐶

Π
�𝑎𝑎𝑎𝑎 𝑇𝑇=𝑇𝑇 +∆𝑇𝑇� Π𝑁𝑁𝑁𝑁 �𝑎𝑎𝑎𝑎 𝑇𝑇=𝑇𝑇𝐶𝐶 �
−
� 𝑁𝑁𝑁𝑁 𝑇𝑇 +∆𝑇𝑇𝐶𝐶
�
𝑇𝑇𝐶𝐶
𝐶𝐶
−
∆𝑇𝑇

Now, for ∆𝑇𝑇 → 0,
Π
𝑑𝑑� 𝑁𝑁𝑁𝑁 �
𝑇𝑇

𝑑𝑑𝑑𝑑

⇒

𝑄𝑄𝑎𝑎𝑎𝑎 𝑇𝑇=𝑇𝑇𝐶𝐶

+

𝑑𝑑Π𝑁𝑁𝑁𝑁
𝑑𝑑𝑑𝑑

𝜏𝜏𝑃𝑃 −𝜏𝜏𝑁𝑁
𝑇𝑇

1

− 𝑇𝑇

+

− 𝑇𝑇

𝑄𝑄𝑤𝑤𝑤𝑤𝑤𝑤ℎ𝑖𝑖𝑖𝑖 𝑁𝑁
𝑇𝑇𝐶𝐶 +∆𝑇𝑇�2

𝜏𝜏𝑃𝑃 𝐼𝐼∆𝑇𝑇
∆𝑇𝑇�
2

𝐶𝐶 +

𝜏𝜏𝑃𝑃

∆𝑇𝑇
𝐶𝐶 + �2

=0,
𝜏𝜏𝑁𝑁 𝐼𝐼∆𝑇𝑇
∆𝑇𝑇�
2

+ 𝑇𝑇

+ 𝑇𝑇

𝐶𝐶 +

𝜏𝜏𝑁𝑁

∆𝑇𝑇
𝐶𝐶 + �2

60

=0,

=0 .

61

62

=0

63

− 𝑇𝑇 Π𝑁𝑁𝑁𝑁 + 𝜏𝜏𝑃𝑃 − 𝜏𝜏𝑁𝑁 = 0

From Eqn. 59,
1

𝛼𝛼𝑁𝑁𝑁𝑁 = 𝑇𝑇 Π𝑁𝑁𝑁𝑁 ,

⇒ Π𝑁𝑁𝑁𝑁 = 𝑇𝑇𝛼𝛼𝑁𝑁𝑁𝑁 .

64

Therefore,

𝜏𝜏𝑁𝑁 − 𝜏𝜏𝑃𝑃 = 𝑇𝑇

𝑑𝑑𝛼𝛼𝑁𝑁𝑁𝑁
𝑑𝑑𝑑𝑑

.

65

Equations 64 and 65 and are collectively called Thomson (Kelvin) relationships. Using Eqn.

64 in Eqn. 55, the Peltier heat is given by,
𝑄𝑄̇𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝛼𝛼𝑁𝑁𝑁𝑁 𝑇𝑇𝑇𝑇 .

66

93

Appendix D
Derivation for the maximum efficiency (𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚 ) of TE material

Figure 30: Experimental setup to measure thermoelectric efficiency of the TE
materials.
Let us first consider a thermoelement as shown in Figure 30 with two N and P type
TE rods connected by a metal bridge maintained at higher temperature 𝑇𝑇𝐻𝐻 . An external load

with resistance R is connected across the cold ends of these TE rods. The internal electric
resistance of the system is the sum of individual internal resistances of P and N type TE
materials, i.e., 𝑟𝑟 = 𝑟𝑟𝑁𝑁 + 𝑟𝑟𝑃𝑃 . The Joule heat in Watts generated within the TE materials is given

by 𝑄𝑄̇𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽 = 𝐼𝐼2 𝑟𝑟 (half of which is returned back to the hot end), and the useful work done in

unit time by this TE module is given by

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼2 𝑅𝑅.

The Peltier heat rejected or received at the hot and cold ends [303],
𝑄𝑄̇𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃,𝐻𝐻𝐻𝐻𝐻𝐻 = 𝛼𝛼𝐻𝐻 𝑇𝑇𝐻𝐻 𝐼𝐼 ,

67

𝑄𝑄̇𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃,𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = −𝛼𝛼𝐶𝐶 𝑇𝑇𝑐𝑐 𝐼𝐼 .

68

94

The net Thomson heat generated and absorbed in P and N type TE material [303],
𝑇𝑇
𝑑𝑑𝑑𝑑
𝑄𝑄̇𝑇𝑇ℎ𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 = ± ∫𝑇𝑇 𝐻𝐻 𝑇𝑇 𝐼𝐼 𝑑𝑑𝑑𝑑 .

69

𝑄𝑄̇𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 𝜅𝜅(𝑇𝑇𝐻𝐻 − 𝑇𝑇𝐶𝐶 ) .

70

𝑑𝑑𝑑𝑑

𝐶𝐶

The heat flux due to thermal conduction from hot to cold end is given by,

Considering heat flux from thermal transport to be minimum and 𝛼𝛼 to have the same value at
the hot and cold junction, the current is given by [303],
𝐼𝐼 =

𝛼𝛼(𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 )
𝑟𝑟+𝑅𝑅

.

71
𝑅𝑅

Let us define 𝑚𝑚 = 𝑟𝑟 ,
𝛼𝛼
𝑄𝑄̇𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃,𝐻𝐻𝐻𝐻𝐻𝐻 =

2 (𝑇𝑇 −𝑇𝑇 )𝑇𝑇
𝐻𝐻
𝐶𝐶 𝐻𝐻

𝑟𝑟(1+𝑚𝑚)

2

,

72

2

73

.

74

𝛼𝛼 (𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 )
𝑄𝑄̇𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽 = 𝑟𝑟(1+𝑚𝑚)
,
2
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=

𝛼𝛼 2 (𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 )2 𝑚𝑚
𝑟𝑟(1+𝑚𝑚)2

The efficiency of the TE material is now defined as [303],
𝜂𝜂 =

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

1
𝑄𝑄̇𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃,𝐻𝐻𝐻𝐻𝐻𝐻 +𝑄𝑄̇𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑄𝑄̇𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽

⇒ 𝜂𝜂 =
⇒ 𝜂𝜂 =

,

2
𝛼𝛼2 �𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 � 𝑚𝑚
𝑟𝑟(1+𝑚𝑚)2

2
𝛼𝛼2 �𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 �𝑇𝑇𝐻𝐻
𝛼𝛼2 �𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 �
+𝜅𝜅(𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 )−
2
𝑟𝑟(1+𝑚𝑚)
2𝑟𝑟(1+𝑚𝑚)

(𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 )
𝑇𝑇𝐻𝐻

�

75

2

𝜅𝜅𝜅𝜅

𝑚𝑚

,

�𝑇𝑇 −𝑇𝑇 �
(1+𝑚𝑚)+ 2 (1+𝑚𝑚)2 − 𝐻𝐻 𝐶𝐶
2𝑇𝑇𝐻𝐻
𝛼𝛼 𝑇𝑇𝐻𝐻

�.

76
2

𝑑𝑑𝑑𝑑
Now, for maximum efficiency, 𝑑𝑑𝑑𝑑 = 0 and defining 𝑍𝑍 = 𝛼𝛼 �𝜅𝜅𝜅𝜅,

95

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑

=

(𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 )
𝑇𝑇𝐻𝐻

�

⇒ �1 +

(1+𝑚𝑚)2 �𝑇𝑇 −𝑇𝑇 �

𝐶𝐶 �
�(1+𝑚𝑚)+ 𝑍𝑍𝑇𝑇 − 𝐻𝐻
2𝑇𝑇𝐻𝐻
𝐻𝐻

⇒ �(1 + 𝑚𝑚) +

⇒ �1 +

1

(1+𝑚𝑚)2
𝑍𝑍𝑇𝑇𝐻𝐻

(1+𝑚𝑚)2 −2𝑚𝑚(1+𝑚𝑚)
1−𝑚𝑚2
𝑍𝑍𝑇𝑇𝐻𝐻

𝑍𝑍𝑇𝑇𝐻𝐻

−

(𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 )

⇒ 𝑚𝑚2 − 1 = 𝑍𝑍

2𝑇𝑇𝐻𝐻

⇒ 𝑚𝑚 = �1 + 𝑍𝑍

2𝑇𝑇𝐻𝐻

(𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 )

−

2𝑇𝑇𝐻𝐻

2(1+𝑚𝑚)
�
𝑍𝑍𝑇𝑇𝐻𝐻

(1+𝑚𝑚)2 �𝑇𝑇 −𝑇𝑇 �

�=0,

2(1+𝑚𝑚)
𝑍𝑍𝑇𝑇𝐻𝐻

�=0,

2

�=0,

77

78

79

,

(𝑇𝑇𝐻𝐻 +𝑇𝑇𝐶𝐶 )

2

𝐶𝐶 �
�(1+𝑚𝑚)+ 𝑍𝑍𝑇𝑇 − 𝐻𝐻
2𝑇𝑇𝐻𝐻
𝐻𝐻

� − 𝑚𝑚 �1 +

�=0,

(𝑇𝑇𝐻𝐻 +𝑇𝑇𝐶𝐶 )
2

(𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 )

−

−

𝑚𝑚�1+

80

.

Using Eqn. 78, the maximum efficiency can be written as,
𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚 =

(𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 )

𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚 =

(𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 )

𝑇𝑇𝐻𝐻

1

2(1+𝑚𝑚)
�1+ 𝑍𝑍𝑇𝑇 �
𝐻𝐻

.

81

Multiply, denominator and numerator by (𝑚𝑚 − 1),
𝑇𝑇𝐻𝐻

⇒ 𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚 =
⇒ 𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚 =

(𝑚𝑚−1)

2�𝑚𝑚2 −1�

�(𝑚𝑚−1)+ 𝑍𝑍𝑇𝑇
�
𝐻𝐻

(𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 )
𝑇𝑇𝐻𝐻

(𝑚𝑚−1)

𝑇𝑇

�𝑚𝑚+𝑇𝑇 𝐶𝐶 �

.

82

,

�𝑇𝑇 +𝑇𝑇 �
�(𝑚𝑚−1)+ 𝐻𝐻𝑇𝑇 𝐶𝐶 �

(𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 ) (𝑚𝑚−1)
𝑇𝑇𝐻𝐻

,

𝐻𝐻

83

𝐻𝐻

Substituting the value of 𝑚𝑚 from Eqn. 80 in Eqn. 83,
𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚 =

(𝑇𝑇𝐻𝐻 −𝑇𝑇𝐶𝐶 )
𝑇𝑇𝐻𝐻

�𝑇𝑇 +𝑇𝑇 �
��1+𝑍𝑍 𝐻𝐻2 𝐶𝐶 −1�

�𝑇𝑇 +𝑇𝑇 � 𝑇𝑇
��1+𝑍𝑍 𝐻𝐻2 𝐶𝐶 +𝑇𝑇 𝐶𝐶 �
𝐻𝐻

.
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96

Appendix E
Matlab code for modeling the temperature-dependent B3g mode of SnSe performed by
Mr. Oliver Rancu
clc
close all
clear
data = readmatrix('b3g data.xls')
data = 13×2
102 ×

0.770000000000000
1.250000000000000
1.750000000000000
2.250000000000000
2.970000000000000
4.000000000000000
6.000000000000000
6.500000000000000
7.000000000000000
7.500000000000000
⋮

1.178750000000000
1.161170000000000
1.149880000000000
1.122060000000000
1.082520000000000
1.034740000000000
0.956391000000000
0.925718000000000
0.908426000000000
0.890131000000000

xdata = data(:,1)
xdata = 13×1

77
125
175
225
297
400
600
650
700
750

⋮

ydata = data(:,2)
ydata = 13×1
102 ×

1.178750000000000
1.161170000000000
1.149880000000000
1.122060000000000
1.082520000000000

97

1.034740000000000
0.956391000000000
0.925718000000000
0.908426000000000
0.890131000000000
⋮

samplex = linspace(min(xdata),max(xdata),100)';
RedPlank = 1.05457.*10^-34;
Boltzmann = 1.38.*10^-23;
format shortG
Term1 = ((212.81./Func4(xdata)).^2.5);
SampleTerm1 = ((212.81./Func4(samplex)).^2.5);
x0 = [1,1,1];
frequency1 = (108/2)*2*pi*2.998*10^10
frequency1 =
1.0172e+13

frequency2 = (108/2)*2*pi*2.998*10^10
frequency2 =
1.0172e+13

frequency3 = (108/3)*2*pi*2.998*10^10
frequency3 =
6.7813e+12

frequency4 = (108/3)*2*pi*2.998*10^10
frequency4 =
6.7813e+12

frequency5 = (108/3)*2*pi*2.998*10^10
frequency5 =
6.7813e+12

FullFunction = @(x,xdata) x(1).*Term1 + x(2).*(1 +
1./(exp((RedPlank.*frequency1)./(Boltzmann.*xdata)) -1) +
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1./(exp((RedPlank.*frequency2)./(Boltzmann.*xdata))
1./(exp((RedPlank.*frequency3)./(Boltzmann.*xdata))
1./(exp((RedPlank.*frequency3)./(Boltzmann.*xdata))
1./(exp((RedPlank.*frequency4)./(Boltzmann.*xdata))
1./(exp((RedPlank.*frequency4)./(Boltzmann.*xdata))
1./(exp((RedPlank.*frequency5)./(Boltzmann.*xdata))
1./(exp((RedPlank.*frequency5)./(Boltzmann.*xdata))

-1)) + x(3).*(1 +
-1) +
-1).^2 +
-1) +
-1).^2 +
-1) +
-1).^2)

FullFunction = function_handle with value:
@(x,xdata)x(1).*Term1+x(2).*(1+1./(exp((RedPlank.*frequency1)./(Boltzmann.*xdata))1)+1./(exp((RedPlank.*frequency2)./(Boltzmann.*xdata))1))+x(3).*(1+1./(exp((RedPlank.*frequency3)./(Boltzmann.*xdata))1)+1./(exp((RedPlank.*frequency3)./(Boltzmann.*xdata))1).^2+1./(exp((RedPlank.*frequency4)./(Boltzmann.*xdata))1)+1./(exp((RedPlank.*frequency4)./(Boltzmann.*xdata))1).^2+1./(exp((RedPlank.*frequency5)./(Boltzmann.*xdata))1)+1./(exp((RedPlank.*frequency5)./(Boltzmann.*xdata))-1).^2)

theta = lsqcurvefit(FullFunction,x0,xdata,ydata);
Local minimum possible.
lsqcurvefit stopped because the final change in the sum of squares relative to
its initial value is less than the value of the function tolerance.
<stopping criteria details>

format long
theta
theta = 1×3
102 ×

1.210027018911874

-0.011753646074703

-0.000031699069003

AllData(:,1) = [SampleTerm1];
AllData(:,2) = (1 + 1./(exp((RedPlank.*frequency1)./(Boltzmann.*samplex))
-1) + 1./(exp((RedPlank.*frequency2)./(Boltzmann.*samplex)) -1));
AllData(:,3) = (1 + 1./(exp((RedPlank.*frequency3)./(Boltzmann.*samplex))
-1) + 1./(exp((RedPlank.*frequency3)./(Boltzmann.*samplex)) -1).^2 +
1./(exp((RedPlank.*frequency4)./(Boltzmann.*samplex)) -1) +
1./(exp((RedPlank.*frequency4)./(Boltzmann.*samplex)) -1).^2 +
1./(exp((RedPlank.*frequency5)./(Boltzmann.*samplex)) -1) +
1./(exp((RedPlank.*frequency5)./(Boltzmann.*samplex)) -1).^2)
AllData = 100×3
102 ×

0.009972985937575

0.021466197053047
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0.073789779346037

0.009967348187077
0.009961460037817
0.009955366535784
0.009949103531196
0.009942699702985
0.009936178145015
0.009929557589058
0.009922853342453
0.009916078007069
⋮

0.023193910141416
0.024942703127599
0.026708147293870
0.028486961544018
0.030276666641274
0.032075356256568
0.033881541638880
0.035694043894958
0.037511917788658

0.086845360564505
0.101078158236349
0.116487611675434
0.133073341170173
0.150835082342071
0.169772646623834
0.189885896647034
0.211174730453904
0.233639071100824

sampley = (AllData(:,1)-1)*theta(1) + AllData(:,2)*theta(2) +
AllData(:,3)*theta(3)
sampley = 100×1

-2.873328954631327
-3.148755038211651
-3.430061837707075
-3.716183570929169
-4.006300671767874
-4.299774632862406
-4.596101889293071
-4.894880755469338
-5.195787413196137
-5.498558252357736
⋮

figure('Name','SnSe Data Fitting','NumberTitle','Off')
plot(xdata,ydata-theta(1),'k *','DisplayName','Off')
hold on
grid on
plot(samplex,sampley,'m','DisplayName','Off')
p1 = plot(samplex,(AllData(:,1)-1).*theta(1),'g','DisplayName','Volume
Expansion');
p2 = plot(samplex,AllData(:,2)*theta(2),'r','DisplayName','Cubic Phonon
Decay');
p3 = plot(samplex,AllData(:,3)*theta(3),'b','DisplayName','Quartic Phonon
Decay');
legend([p1,p2,p3],'Location','SouthWest')
xlabel('Temperature (K)')
ylabel('Frequency shift (cm^{-1})')
title('Raman Peak Frequency Shift SnSe B3g Mode')
saveas(gcf,'SnSeb3gMode.pdf','pdf')
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function V = Func4(xdata)
V = [];
for i = 1:length(xdata)
V(i) = Volume(xdata(i));
end
V = V';
end

function V = Volume(Temp)
V_0 = 212.81;
DebyeTemp = 204;
a = 0.00035418;
integrand1 = @(y) (exp(y).*(y.^4))/((exp(y)-1).^2);
Integral1 = @(T) integral(integrand1,0, DebyeTemp./T,'ArrayValued',1);
integrand2 = @(T) ((T./DebyeTemp).^3);
FullIntegrand = @(T) integrand2(T).*Integral1(T);
Integral3 = Reimann(FullIntegrand,50,0.01,Temp);
V = V_0 + 9.*a.*8.3145.*Integral3;
end
function Appx = Reimann(func,n,a,b)
dx = (b-a)/n;
Sum = 0;
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for k = 1:n
ck = a + (k)*dx;
Sum = func(ck).*dx + Sum;
end
Appx = Sum;
end
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